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DERIVATIVES OF L-FUNCTIONS
JAE-HYUN YANG
Abstract. In this paper, we investigate the derivatives of L-functions, in particu-
lar, the Riemann zeta function, the Hasse-Weil L-function, the Rankin L-function
and the Artin L-function, and survey the relations between the derivatives of L-
functions and the geometry and arithmetic of the associated Shimura varieties.
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1. Introduction
The theory of L-functions is one of the important and unifying themes of num-
ber theory and arithmetic geometry. L-functions are naturally and closely related to
number fields, automorphic forms, Artin representations, Shimura varieties, abelian
varieties, intersection theory etc. In particular, central values of L-functions and
their derivatives are curious and of interest because these values are closely related to
geometric and arithmetic properties of the Shimura varieties. For example, the Gross-
Zagier formula, Colmez’s conjecture, the averaged Colmez formula provide some ev-
idences that there are some interesting and curious relations between geometrical
properties and special values of derivatives of L-functions.
The purpose of this article is to review the results about derivatives of L-functions
obtained by various mathematicians, e.g., Gross, Zagier, the school of Kudla past
three and a half decades. Here we will deal with derivatives of the Riemann zeta
function, the Hasse-Weil L-function of an elliptic curve, the Rankin-Selberg convolu-
tion L-function associated to the orthogonal Shimura variety of signature (n, 2), and
a certain Artin L-function.
The paper is organized as follows. In section 2, we deal with derivatives of the
Riemann zeta function. We review the result obtained by Kudla, Rapoport and Yang
[45, 46]. In section 3, we deal with derivatives of the Hasse-Weil L-function of an
elliptic curve. We briefly describes some materials about an elliptic curve [66] and
then survey the topics (the rank of an elliptic curve and the Birch-Swinnerton-Dyer
conjecture) related to central values of the derivative of the L-function of an elliptic
curve. Gross and Zagier [35] described the height of Heegner points in terms of cental
value of the first derivative of the L-function of an elliptic curve. Gross, Kohnen and
Zagier [36] showed that the heights of Heegner points are the coefficients of a modular
form of weight 3/2. Kolyvagin [40, 41] used Heegner points to construct Euler systems,
and used this to prove some of the Birch-Swinnerton-Dyer conjecture for elliptic curves
of rank 1. In section 4, we review the Gross-Zagier formula obtained by Gross and
Zagier [35]. We mention that the Gross-Zagier formula was generalized to the Gross-
Zagier formula on Shimura curves by the Zhang school [84, 85, 82]. In section 5, we
review Borcherds products [6, 7] which are needed to understand the topics of section
6 and section 7. This note was written on the base of Bruinier’s lecture note [12].
Borcherds used his products to construct modular generating series with coefficients
in the first Chow group CH1 for divisors on locally symmetric varieties associated to
the orthogonal group O(n, 2). In section 6, we survey the work of J. Bruinier and T.
Yang [17]. They related the Faltings height pairing of arithmetic special divisors and
CM cycles on Shimura varieties associated to orthogonal groups of signature (n, 2)
to the central values of certain Rankin-Selberg L-functions. In section 7, we briefly
survey the averaged Colmez formula obtained recently by Andreatta, Goren, Howard
and Madapusi Pera [3]. Almost at the same time the averaged Colmez formula was
obtained independently by Yuan and Zhang [81]. But so far Colmez’s conjecture has
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not been solved. Using the averaged Colmez formula, J. Tsimerman [69] proved the
Andre´-Oort conjecture for the Siegel modular varieties. In Appendix A, we describe
the Rankin-Selberg L-function appearing in section 6 in some detail. We follow
the papers [17, 14, 65] closely. In Appendix B, we briefly mention the Andre´-Oort
conjecture and give a sketch of the proof of Tsimerman for the Andre´-Oort conjecture
for Siegel modular varieties. This note is based on [69, 61]. In Appendix C, we review
the Gross-Kohnen-Zagier theorem in higher dimension obtained by Borcherds [7].
Notations: We denote by Q, R and C the field of rational numbers, the field of real
numbers and the field of complex numbers respectively. We denote by Z and Z+ the
ring of integers and the set of all positive integers respectively. Q+ (resp. R+) denotes
the set of all positive rational (resp. real) numbers. We denotes by Z+ (resp. Q+, R+)
the set of all non-negative integers (resp. rational numbers, real numbers). H denotes
the Poincare´ upper half plane. [a, b, c, d] denotes the 2× 2 matrix
(
a b
c d
)
. Q× (resp.
R×, C×) denotes the group of nonzero rational (resp. real, complex) numbers. If
F is a number field, F× denotes the multiplicative group of nonzero elements in F .
The symbol “:=” means that the expression on the right is the definition of that on
the left. For two positive integers k and l, F (k,l) denotes the set of all k × l matrices
with entries in a commutative ring F . For a square matrix A ∈ F (k,k) of degree k,
σ(A) denotes the trace of A. For any M ∈ F (k,l), tM denotes the transpose of M .
For a positive integer n, In denotes the identity matrix of degree n. For a complex
matrix A, A denotes the complex conjugate of A. diag(a1, · · · , an) denotes the n× n
diagonal matrix with diagonal entries a1, · · · , an. For a smooth manifold, we denote
by Cc(X) (resp. C
∞
c (X) the algebra of all continuous (resp. infinitely differentiable)
functions on X with compact support. H denotes the Poincare´ upper half plane.
Hg = {Ω ∈ C(g,g) | Ω = tΩ, ImΩ > 0 }
denotes the Siegel upper half plane of degree g. If z ∈ C, we put e(z) := e2πiz. For
an even lattice L with a quadratic form, D(L) := L′/L denotes the discriminant of
L where L′ is the dual lattice of L. We denote by C[D(L)] the group algebra of the
discriminant group D(L). H(β,m) denotes the Heegner divisor of index (β,m). For
a regular scheme X which is projective and flat over SpecZ, we denote by ĈH
p
(X )
the arithmetic Chow group of codimension p.
2. Derivatives of the Riemann zeta function
The Riemann zeta function
ζ(s) :=
∞∑
n=1
1
ns
, s ∈ C
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converges absolutely for Re(s) > 1. It is well known that ζ(s) has the following
properties :
(a) ζ(s) has a meromorphic continuation to the whole complex plane with a simple
pole at s = 1. Thus
(2.1) ζ(s) =
1
s− 1 + a0 + a1(s− 1) + · · ·+ ak(s− 1)
k + · · · .
(b) ζ(s) has the functional equation
(2.2) Λ(s) := π−s/2Γ(s/2)ζ(s) = Λ(1− s).
(c) If k ∈ Z+ is a positive even integer,
(2.3) ζ(k) = −(2πi)k · 1
2
· Bk
k!
.
(d) ζ(3) is irrational. This fact was proved by Roger Ape´ry (1916-1994) [71].
(e) In 1734, Leonard Euler (1707-1783) proved that
(2.4)
ζ(2r)
π2r
∈ Q if r ∈ Z+.
(f) Let
(2.5) γ := lim
n−→∞
(
n∑
k=1
1
k
− logn
)
be the Euler-Mascheroni constant. Then γ can be expressed as
(2.6) γ =
∞∑
k=2
(−1)k ζ(k)
k
.
Remark 2.1. In 1873, Charles Hermite (1823-1901) proved that e is transcendental.
In 1882, Ferdinand von Lindemann (1852-1939) proved that π is transcendental. But
up to now we have no idea that γ is irrational or transcendental. Three numbers π, e
and γ are called the Holy Trinity.
We have infinite product formulas containing the Holy Trinity π, e and γ. First in
1997 H. S. Wilf [74] obtained the following infinite product formula
(2.7)
∞∏
k=1
{
e−1/k
(
1 +
1
k
+
1
2 k2
)}
=
eπ/2 + e−π/2
π · eγ .
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Secondly J. Choi, J. Lee and H.M. Srivastava [24] obtained the following infinite
product formulas generalizing the Wilf’s formula (2.9)
(2.8)
∞∏
k=1
{
e−1/k
(
1 +
1
k
+
α2 + 1
4
k2
)}
=
2(eαπ + e−απ)
(4α2 + 1) π · eγ , α ∈ C, α 6= ±
1
2
i
and
(2.9)
∞∏
k=1
{
e−2/k
(
1 +
2
k
+
β2 + 1
k2
)}
=
eβπ − e−βπ
2β(β2 + 1) π · e2γ , β ∈ C, α 6= ±i.
Remark 2.2. C.-P. Chen and R. Paris [20] generalized the above two infinite products
formulas (2.8) and (2.9).
Definition 2.1. (1) The Glaisher-Kinkelin constant A is defined to be
logA := lim
n−→∞
{(
n∑
k=1
k log k
)
−
(
n2
2
+
n
2
+
1
12
)
log n+
n2
4
}
.
We note that A ≈ 1.282427130 · · · .
(2) The Catalan constant G is defined to be
G :=
∞∑
k=0
(−1)k
(2k + 1)2
≈ 0.9159655 · · · .
Definition 2.2. The Hurwitz zeta function ζ(s, a) is defined by
ζ(s, a) :=
∞∑
k=0
(k + a)−s, Re(s) > 1, a 6= −1,−2, · · · .
Choi, Srivastava et al. obtained the following results involving the values of the
derivatives of ζ(s).
Theorem 2.1.
(2.10) A = exp
(
−ζ ′(−1) + 1
12
)
,
equivalently,
(2.11) ζ ′(−1) = lim
n−→∞
{
−
n∑
k=1
k log k +
(
n2
2
+
n
2
+
1
12
)
logn− n
2
4
+
1
12
}
.
Proof. The proof can be found in [22]. 
Theorem 2.2.
(2.12) ζ ′(2) = π2
{
γ
6
+
1
6
log(2π)− 2 logA
}
,
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equivalently,
(2.13) γ = 6 · ζ
′(2)
π2
+ log
A12
2 π
.
Proof. The proof can be found in [23, p. 441] or [20, p. 129]. 
Theorem 2.3.
(2.14) ζ ′(−1, 1
4
) = − 1
96
+
1
8
logA+ G
4π
.
Proof. The proof can be found in [23, p. 440]. 
Now we briefly describe the work of S. Kudla, M. Rapoport and T. Yang [45, 46].
LetB be an indefinite division algebra overQ and letOB be a maximal order in B. Let
D := D(B) be the product of all primes at which B is division. LetM be the moduli
space of abelian surfaces with a special action of OB. Then M is an integral model
of the Shimura curve attached to B. We may regard M as an arithmetic surface in
the sense of ‘Arakelov theory [32, 9]. The moduli stackM carries a universal abelian
variety A /M, and the Hodge line bundle ω on M is defined
(2.15) ω =
2∧
(Lie(A ))∗ .
We equip ω with the metric ‖ · ‖ which, for z ∈M(C), is given by
(2.16) ‖β‖2z = e−2C
1
4π2
∫
Az(C)
β ∧ β¯,
where
(2.17) C :=
1
2
(log(4π) + γ) , γ is the Euler constant.
Thus we obtain a class ω̂ = (ω, ‖ · ‖) ∈ P̂ic(M). We define the constant κ by the
relation
(2.18)
1
2
deg(ω̂) · κ = 〈ω̂, ω̂〉 − ζD(−1)
2ζ ′(−1)
ζ(−1) + 1− 2C −
∑
p|D
p+ 1
p− 1 · log(p)
 ,
where ζD(s) := ζ(s)
∏
p|D(1− p−s). Also writing ω̂ for the image of ω̂ in ĈH
1
(M), we
set
(2.19) Ẑ(0, v) := −ω̂ − (0, log(v)) + (0, κ) ∈ ĈH1(M), v ∈ R with v > 0.
For each m ∈ Z and for v ∈ R with v > 0, we define
(2.20) Ẑ(m, v) := (Z(m),Ξ(m, v)) ∈ ĈH1(M).
Here, for m = 0, Ẑ(0, v) is defined by the formula (2.19), for m > 0, Z(m) is
the divisor on M corresponding to those OB-abelian surfaces which admit a special
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endomorphism α with α2 = −m, and for m < 0, Z(m) = ∅. For all m 6= 0, Ξ(m, v)
is the nonstandard Green’s function introduced by Kudla [42].
Using the Gillet-Soule´ height pairing 〈 , 〉 between ĈH1(M) and P̂ic(M) [34], we
form the height generating series
(2.21) φht(τ) :=
∑
m∈Z
〈Ẑ(m, y), ω̂〉 e2πimτ , τ = x+ iy ∈ H with x, y ∈ R.
The quantities 〈Zˆ(m, y), ω̂〉 can be thought of as arithmetic degres.
Assume D := D(B) > 1. Kudla, Rapoport and Yang [45, Theorem A or Theorem
7.2] proved that
(2.22) φht(τ) = E ′(τ, 1
2
;D),
where E(τ, s;D) is the Eisenstein series of weight 3
2
. We refer to the formula (6.39)
in [45] for the precise definition of E(τ, s;D). Moreover, they proved that κ = 0, i.e.,
that
(2.23) 〈ω̂, ω̂〉 = ζD(−1)
2ζ ′(−1)
ζ(−1) + 1− 2C −
∑
p|D
p+ 1
p− 1 · log(p)
 .
We refer to [45] or [46, Theorem 7.1.1] for the proof of (2.23). According to Theorem
2.2 and the formula (2.23), we obtain
(2.24)
〈ω̂, ω̂〉
ζD(−1) = 2
ζ ′(−1)
ζ(−1) + 1− log(4π)−
6
π
ζ ′(2)− log
(A12
2π
)
−
∑
p|D
p+ 1
p− 1 · log(p).
3. Derivatives of the Hasse-Weil L-function of an elliptic curve
In this section we review some basic materials about elliptic curves (cf. [66]) and
some results about the derivatives of the Hasse-Weil L-function of an elliptic curve.
3.1. Basic notions
We shall call a nonsingular projective curve E over a field K of genus one an elliptic
curve over K. Then E has a unique algebraic group structure with identity element
∞. The group law on the set E(K) of K-rational points (or more generally any
extension of K) is defined by
P +Q+R =∞, P, Q,R ∈ E(K)
if P,Q,R are collinear. It is known that an elliptic curve E can be embedded into
the two dimensional projective space P2 as a cubic curve defined by the following
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Weierstrass equation :
(3.1) E : y2 + a1xy + a3y = x
3 + a2x
2 + a4x+ a6, a1, · · · , a6 ∈ K
with its nonzero discriminant (which will be defined later)
∆E = −b22b8 − 8b34 − 27b26 + 9b2b4b6 6= 0,
where
b2 = a
2
1 + 4a2, b4 = 2a4 + a1a3, b6 = a
2
3 + 4a6,
b8 = a
2
1a6 + 4a2a6 − a1a3a4 + a2a23 − a24 =
1
4
(
b2b6 − b24
)
.
We define the j-invariant j(E) of E by
(3.2) j(E) :=
(b22 − 24 b4)3
∆E
The invariant differential ωE associated with the Weierstrass equation (3.1) is given
by
(3.3) ωE :=
dx
2y + a1x+ a3
=
dy
3x2 + 2a2x+ a4 − a1y
Case I. char(K) 6= 2, 3 :
Using the transformation
x 7→ u2x′ + r, y 7→ u3y′ + su2x′r + 6,
the equation (3.1) can be simplified to the following form
y2 = x3 + ax+ b, ∆ = −16 (4a3 + 27b2) 6= 0.
Case II. char(K) = 2 :
We see that j(E) = 0 if and only if a1 6= 0. If a1 6= 0, choosing suitably r, s, t, we
can achieve a1 = 1, a3 = 0, a4 = 0 and the equation (3.1) takes the form
y2 + xy = x3 + a2x
2 + a6
with the condition of smoothness given by ∆ 6= 0. If a1 = 0 (i.e., j(E) = 0), the
equation (3.1) transforms to
y2 + a3y = x
3 + a4x+ a6
and the condition of smoothness in this case is a3 6= 0.
Case III. char(K) = 3 :
The equation (3.1) can be transformed to
y2 = x3 + a2x
2 + a4x+ a6.
Here the multiple roots are disallowed.
The proper Weierstrass form is
(3.4) y2 = 4x3 − g2x− g3
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The discriminant ∆ of the equation (3.4) is given by
(3.5) ∆ = g32 − 27g23 6= 0.
The j-invariant j of the equation (3.4) is given by
(3.6) j = 26 · 33 g
3
2
g32 − 27g23
= 1728
g32
∆
.
We can see that two elliptic curves have the same j-invariant if and only if they are
isomorphic over an algebraic closure K of K.
Let
H = {τ ∈ C | Im(τ) > 0 }
be the Poincare` upper half plane. Let us fix τ ∈ H. We let
Lτ := Z+ Zτ = {mτ + n ∈ C | m,n ∈ Z }
be the lattice in C with basic period 1 and τ . We put
(3.7) g2(τ) := 60
∑
ω∈Lτ
ω 6=0
1
ω4
, g3(τ) := 140
∑
ω∈Lτ
ω 6=0
1
ω6
We recall the famous Weierstrass ℘-function defined by
(3.8) ℘τ (z) = ℘(z;Lτ ) =
1
z2
+
∑
ω∈Lτ
ω 6=0
{
1
(z − ω)2 −
1
ω2
}
.
Then we get
(3.9) ℘′τ (z) =
d℘τ
dz
= −2
∑
ω∈Lτ
1
(z − ω)3
The field of elliptic functions with periods Lτ is generated over C by ℘ and ℘
′.
Surprisingly we have the following equation
(3.10) ℘′τ (z)
2 = 4℘τ (z)
3 − g2(τ)℘τ (z)− g3(τ).
Let
(3.11) Eτ : y
2 = 4x3 − g2(τ)x− g3(τ)
be the elliptic curve. Then we see that the complex torus C/Lτ is biholomorphic to
Eτ (C) via the map
(3.12) fτ : C/Lτ −→ Eτ (C), fτ (z) = [℘τ (z) : ℘′τ (z) : 1], z ∈ C.
Conversely we consider the differential of the first kind
(3.13)
dx
y
=
1√
4x3 − g2(τ)x− g3(τ)
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on the Riemann surface Eτ (C). We integrate this form over a path joining a fixed
initial point (say ∞) with a variable point. The integral depends on the choice of a
path, but its image in C/Lτ is determined only by the endpoints. More precisely
z − z0 =
∫ ℘τ (z)
℘τ (z0)
1√
4w3 − g2(τ)w − g3(τ)
dw
According to Jacobi, we can see that if we set q := e2πiτ , the discriminant
∆Eτ = ∆(τ) = g2(τ)
3 − 27g3(τ)2
is expressed as
(3.14) ∆(τ) = (2π)12 q
∞∏
n=1
(1− qn)24 = (2π)12
∞∑
n=1
τ(n) qn (Jacobi,s identity).
The j-invariant j(τ) = j(Eτ ) of Eτ is given by
(3.15) j(τ) = 1728
g3(τ)
3
∆(τ)
=
1
q
+ 744 + 196884 q + 21493760 q2 + · · · .
Since j(τ) takes all complex values, every elliptic curve over C is isomorphic to Eτ
for some τ ∈ H. We have the addition theorem for elliptic functions :
(3.16) ℘τ (z1 + z2) = −℘τ (z1)− ℘τ (z2) + 1
4
(
℘′τ (z2)− ℘′τ (z1)
℘τ (z2)− ℘τ (z1)
)2
, z1, z2 ∈ C.
The above formula induces the natural additive group structure on the elliptic curve
(3.11). More precisely if P1 = (x1, y1), P2 = (x2, y2) are points of (2.11), the addition
P3 = (x3, y3) is given by
x3 = −x1 − x2 + 1
4
(
y2 − y1
x2 − x1
)2
.
It is easily seen that fτ (
1
2
) = (α1, 0), fτ (
τ
2
) = (α2, 0), fτ (
1+τ
2
) = (α3, 0), where
α1, α2, α3 are the roots of the polynomial 4x
3 − g2(τ)x− g3(τ).
3.2. Points of finite order
Let E be an elliptic curve defined over a field K. For an integer n ∈ Z, we let E[n]
be the kernel of the multiplication by n defined by
(3.17) [n] : E(K) −→ E(K), [n](x) := nx, x ∈ E(K),
whereK is the algebraic closure ofK. The isogeny [n] has degree n2. If (char(K), n) =
1, we have
(3.18) E[n] ∼= Z/nZ× Z/nZ.
However for char(K) = p and n = pm, we have
(3.19) E[n] ∼= (Z/pmZ)bE , bE = 0 or 1.
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Assume that (char(K), n) = 1. Let K(E[n]) be the Galois extension of K generated
by all the coordinates of all points of E[n]. Then we have the Galois representation
(3.20) ρn : Gal(K/K) −→ GL2(Z/nZ)
whose image is isomorphic to Gal(K(E[n])/K).We set GK = Gal(K/K). It is known
that the representation det(ρn) is the cyclotomic character of GK on the group µn of
all n-th roots of unity. We observe that µn ⊂ K(E[n]).
For any positive integer k with k ≥ 2, we put
(3.21) G2k(τ) :=
∑′
m,n∈Z
1
(mτ + n)2k
, τ ∈ H,
where the symbol
∑′ means that the summation runs over all pair of integers (m,n)
distinct from (0, 0). Then G2k is a modular form of weight 2k with G2k(0) = 2 ζ(2k).
We put
(3.22) E2k(τ) =
G2k(τ)
2ζ(2k)
= 1− 4k
B2k
∞∑
n=1
σ2k−1(n)q
n,
where σm(n) =
∑
0<d|n d
m is a divisor function and Bk (k = 0, 1, 2, · · · ) denotes the
k-th Bernoulli number defined by the formal power series expansion
x
ex − 1 =
∞∑
k=0
Bk
xk
k!
Then B2k+1 = 0 for all k ≥ 1 and the first few Bk are
B0 = 1, B1 = −1
2
, B2 =
1
6
, B4 = − 1
30
, B6 =
1
42
, B8 = − 1
30
, B10 =
5
66
, · · ·
We observe that
g2(τ) = 60G4(τ) =
4
3
π4E4(τ) and g3(τ) = 140G6(τ) =
(
2
3
)3
π6E6(τ).
The Weierstrass equation for the elliptic curve
C/(2πi)Lτ
∼−→ C∗/〈qZ〉, u 7→ exp(u)
is given by
Y 2 = 4X3 − E4
12
X +
E6
216
,
where
X = ℘(2πiu; 2πiLτ ) and Y = ℘
′(2πiu; 2πiLτ ).
If we substitute
X = x+
1
12
and Y = x+ 2y,
we get a new equation of this curve with coefficients in Z[[q]]
T (q) : y2 = xy = x3 + A(q)x+B(q),
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where
A(q) = −5
∞∑
n=1
σ3(n)q
n = −5
∞∑
n=1
n3qn
1− qn ,
B(q) =
1
12
{
−5
(
E4 − 1
240
)
− 7
(
E6 − 1
−504
)}
= − 1
12
∞∑
n=1
(7n5 + 5n3)qn
1− qn
This equation defines an elliptic curve over Z((q)) with the canonical differential ωcan
given by
dx
2y + x
=
dX
Y
Let N ∈ Z+ be a positive integer. Let us define
T
(
qN
)
: y2 + xy = x3 + A
(
qN
)
x+B
(
qN
)
.
We put t = exp(2πu). The points of order N on T (qN) corresponding to t = ζ iNq
j (0 ≤
i, j ≤ N − 1) with ζN = exp(2πi/N), and their coordinates are given by
x(t) =
∑
n∈Z
qNnt
(1− qNnt)2 − 2
∞∑
n=1
nqNn
1− qNnt
and
y(t) =
∑
n∈Z
q2Nnt2
(1− qNnt)3 +
∞∑
n=1
nqNn
1− qNnt
3.3. The Mordell-Weil theorem
[The Mordell-Weil Theorem] Let E be an elliptic curve defined over a number
field K. Then E(K) is finitely generated, that is,
E(K) ∼= ZrE ⊕ E(K)tor,
where rE is a nonnegative integer called the rank of E over K and E(K)tor is the
torsion subgroup of E(K).
Remark. When K = Q, Barry Mazur [51] showed that E(K)tor is isomorphic to one
of the following groups :
Z/NZ (1 ≤ N ≤ 10, N = 12), Z/2Z× Z/2NZ (1 ≤ N ≤ 4).
It is conjectured that there are elliptic curves of arbitrary large rank over Q. In 2006,
Noam Elkies found an explicit elliptic E over Q curve with rE = 28 and described
generators of E(Q) explicitly.
The Shafarevich-Tate group III(E,K) is regarded as a cohomological obstruction
to a calculation of E(K). It is conjectured that III(E,K) is finite. III(E,K) is defined
as follows : We first consider the following exact sequence
(3.23) 0 −→ E[n] −→ E(K) [n]−→ E(K) −→ 0.
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Let GK := Gal(K/K). Then (3.23) yields an exact sequence of Galois cohomology
groups
(3.24) 0 −→ E(K)/[n](E(K)) −→ H1(GK , E[n]) −→ H1(GK , E(K))[n] −→ 0.
For each place v of K, we choose an extension w of v to K and denote by Gv ⊂ GK
the corresponding decomposition subgroup Gv ∼= Gal(Kw/Kv). Then we have the
following commutative diagram
0 −→ E(K)/[n](E(K)) −→ H1(GK , E[n]) α−→ H1(GK , E(K))[n] −→ 0y y βn
0 −→ ∏v E(Kv)/[n](E(Kv)) −→ ∏vH1(Gv, E[n]) −→ ∏vH1(GK , E(Kv))[n] −→ 0,
where βn =
∏
v βn,v. Here βn,v denotes the composition of the restriction morphism
and the morphism induced by the inclusion E(K) −→ E(Kv). We define the Shafare-
vich -Tate group III(E,K) of E over K to be
(3.25) III(E,K) =
⋃
n∈Z+
III(E,K)n, III(E,K)n := Ker(βn).
The group
(3.26) S(E,K)n := α
−1
(
III(E,K)n
)
is called the Selmer group of E. An element of S(E,K)n can be interpreted as the
class of an n-covering C −→ E such that C has a Kv-point in each completion Kv of
K. By definition we have an exact sequence
(3.27) 0 −→ E(K)/[n](E(K)) −→ S(E,K)n −→ III(E,K)n −→ 0.
3.4. The Birch-Swinnerton-Dyer conjecture
Let E be an elliptic curve defined over a number field K. For a place v of K where
E has good reduction, we put
a(Pv) = Nv + 1− |E(Ok/Pv)|
and for places of K with bad reductions, we set
a(Pv) =

1 if v is split and of multiplicative reduction
−1 if v is nonsplit and of multiplicative reduction
0 if E has additive reduction at v.
We define the L-function L(E, s) of E by
(3.28) L(E, s) =
∏
v:bad
(
1− a(Pv)Nvs
)−1
·
∏
v:good
(
1− a(Pv)Nvs +Nv1−2s
)−1
.
Since |a(Pv)|v ≤ 2
√
Nv, L(E, s) converges absolutely for Re(s) > 3
2
. We assume the
conjecture of the Hasse-Weil on the existence of an analytic continuation of L(E, s)
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to the entire complex plane. Let rE be the rank of E and aE = ords=1L(E, s) the
order of the zero of L(E, s) at s = 1.
[The Birch-Swinnerton-Dyer Conjecture]
(BSD1) rE = aE .
(BSD2) Assume that the Shafarevich-Tate group III(E,K) is finite. Then
(3.29) lim
s→1
L(E, s)
(s− 1)rE = M
|III(E,K)|RE
|E(K)tor|2 ,
where RE is the elliptic regulator of E and M =
∏
v∈SE
mv is an explicitly written
product of local Tamagawa factors over the set SE of all Archimedean places of K and
places where E has bad reduction and mv =
∫
E(Kv)
ω, ω being the Ne´ron differential
of E.
We consider the case K = Q. Then we have the functional equation
(3.30) Λ(E, s) :=
(√
N
2π
)s
Γ(s)L(E, s) = ε(E) Λ(E, 2− s), ε(E) = ±1,
where ε(E) is the root number of E and N is the conductor of E. By the modularity
of E [11], there is a primitive cusp form f ∈ Snew2 (Γ0(N)) of level N
(3.31) L(E, s) = L(f, s).
Let ϕ : X0(N) −→ E be a modular parametrization of E. Then
ϕ∗ω = 2πif(τ)dτ on X0(N)
and
L(E, 1) = 2π
∫ ∞
0
f(iy) dy = m∞.
There are some evidences supporting the BSD conjecture. We list these evidences
chronologically.
Result 1 (Coates-Wiles [25], 1977). Let E be a CM curve over Q. Suppose that aE
is zero. Then rE is zero.
Result 2 (Rubin [64], 1981). Let E be a CM curve over Q. Assume that aE is zero.
Then the Tate-Shafarevich group III(E,Q) of E is finite.
Result 3 (Gross-Zagier [35], 1986 ; [11], 2001). Let E be an elliptic curve over Q.
Assume that aE is equal to one and ε(E) = −1. Then rE is equal to or bigger than
one. The detail will be discussed.
Result 4 (Gross-Zagier [35], 1986). There exists an elliptic curve E over Q such that
rE = aE = 3. For instance, the elliptic curve E˜ given by
E˜ : −139 y2 = x3 + 10 x2 − 20 x+ 8
satisfies the above property.
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Result 5 (Kolyvagin [40, 41], 1990 :Gross-Zagier [35], 1986 : Bump-Friedberg-Hoffstein
[19], 1990 : Murty-Murty [53], 1990 : [11], 2001). Let E be an elliptic curve over Q.
Assume that aE is 1 and ε(E) = −1. Then rE is equal to 1.
Result 6 (Kolyvagin [41], 1990 :Gross-Zagier [35], 1986 : Bump-Friedberg-Hoffstein [19],
1990 : Murty-Murty [53], 1990 : [11], 2001). Let E be an elliptic curve over Q. Assume
that aE is zero and ε(E) = 1. Then rE is equal to zero.
Cassels proved the fact that if an elliptic curve over Q is isogeneous to another
elliptic curve E ′ over Q, then the BSD conjecture holds for E if and only if the BSD
conjecture holds for E ′.
3.5. Heegner points and Jacobi forms
In this subsection, we describe the result of Gross-Kohnen-Zagier [36] roughly.
First we begin with giving the definition of Jacobi forms. By definition a Jacobi
form of weight k and index m is a holomorphic complex valued function φ(z, w) (z ∈
H, z ∈ C) satisfying the transformation formula
φ
(
az + b
cz + d
,
w + λz + µ
cz + d
)
= e−2πi{cm(w+λz+µ)2(cz+d)−1−m(λ2z+2λw)}(3.32)
×(cz + d)k φ(z, w)
for all
(
a b
c d
)
∈ SL(2,Z) and (λ, µ) ∈ Z2 having a Fourier expansion of the form
(3.33) φ(z, w) =
∑
n,r∈Z2
r2≤4mn
c(n, r) e2πi(nz+rw).
We remark that the Fourier coefficients c(n, r) depend only on the discriminant D =
r2 − 4mn and the residue r (mod 2m). From now on, we put Γ1 := SL(2,Z). We
denote by Jk,m(Γ1) the space of all Jacobi forms of weight k and index m. It is known
that one has the following isomorphisms
(3.34) [Γ2, k]
M ∼= Jk,1(Γ1) ∼= M+k− 1
2
(Γ0(4)) ∼= [Γ1, 2k − 2],
where Γ2 denotes the Siegel modular group of degree 2, [Γ2, k]
M denotes the Maass
space introduced by H. Maass (1911-1993) (cf. [47, 48, 49]), M+
k− 1
2
(Γ0(4)) denotes the
Kohnen space introduced by W. Kohnen [39] and [Γ1, 2k − 2] denotes the space of
modular forms of weight 2k − 2 with respect to Γ1. We refer to [75] and [77, pp. 65–
70] for a brief detail. The above isomorphisms are compatible with the action of the
Hecke operators. Moreover, according to the work of Skoruppa and Zagier [67], there
is a Hecke-equivariant correspondence between Jacobi forms of weight k and index
m, and certain usual modular forms of weight 2k − 2 on Γ0(N).
Now we give the definition of Heegner points of an elliptic curve E over Q. By [11],
E is modular and hence one has a surjective holomorphic map φE : X0(N) −→ E(C).
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Let K be an imaginary quadratic field of discriminant D such that every prime divisor
p of N is split in K. Then it is easy to see that (D,N) = 1 and D is congruent to a
square r2 modulo 4N . Let Θ be the set of all z ∈ H satisfying the following conditions
az2 + bz + c = 0, a, b, c ∈ Z, N |a,
b ≡ r (mod 2N), D = b2 − 4ac.
Then Θ is invariant under the action of Γ0(N) and Θ has only a hK Γ0(N)-orbits,
where hK is the class number of K. Let z1, · · · , zhK be the representatives for these
Γ0(N)-orbits. Then φE(z1), · · · , φE(zhK ) are defined over the Hilbert class field H(K)
of K, i.e., the maximal everywhere unramified extension of K. We define the Heegner
point PD,r of E by
(3.35) PD,r =
hK∑
i=1
φE(zi).
We observe that ε(E) = 1, then PD,r ∈ E(Q). Let E(D) be the elliptic curve (twisted
from E) given by
(3.36) E(D) : Dy2 = f(x).
Then one knows that the L-series of E over K is equal to L(E, s)L(E(D), s) and that
L(E(D), s) is the twist of L(E, s) by the quadratic character of K/Q.
Theorem 3.1. (Gross-Zagier [35], 1986 ; [11], 2001). Let E be an elliptic curve over
Q of conductor N such that ε(E) = −1. Assume that D is odd. Then
(3.37) L′(E, 1)L(E(D), 1) = cE u
−2 |D|− 12 hˆ(PD,r),
where cE is a positive constant not depending on D and r, u is a half of the number
of units of K and hˆ denotes the canonical Ne´ron-Tate height of E.
Since E is modular by [11], there is a cusp form of weight 2 with respect to Γ0(N)
such that L(f, s) = L(E, s). Let φ(z, w) be the Jacobi form of weight 2 and index N
which corresponds to f via the Skoruppa-Zagier correspondence. Then φ(z, w) has a
Fourier series of the form (3.33). B. Gross, W. Kohnen and D. Zagier obtained the
following result.
Theorem 3.2. (Gross-Kohnen-Zagier, [36] ; [11], 2001). Let E be a modular elliptic
curve with conductor N and suppose that ε = −1, r = 1. Suppose that (D1, D2) = 1
and Di ≡ r2i (mod 4N) (i = 1, 2). Then
L′(E, 1) c((r21 −D1)/(4N), r1) c((r22 −D2)/(4N), r2) = c′E 〈PD1,r1 , PD2,r2〉,
where c′E is a positive constant not depending on D1, r1 and D2, r2 and 〈 , 〉 is the
height pairing induced from the Ne´ron-Tate height function hˆ, that is, hˆ(PD,r) =
〈PD,r, PD,r〉.
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We see from the above theorem that the value of 〈PD1,r1 , PD2,r2〉 of two distinct
Heegner points is related to the product of the Fourier coefficients c((r21−D1)/(4N), r1)
c((r22 − D2)/(4N), r2) of the Jacobi forms of weight 2 and index N corresponded to
the eigenform f of weight 2 associated to an elliptic curve E. We refer to [78] and
[83] for more details.
Corollary. There is a point P0 ∈ E(Q)⊗Z R such that
PD,r = c((r
2 −D)/(4N), r)P0
for all D and r (D ≡ r2 (mod 4N)) with (D, 2N) = 1.
The corollary is obtained by combining Theorem 3.1 and Theorem 3.2 with the
Cauchy-Schwarz inequality in the case of equality.
Remark 4. R. Borcherds [7] generalized the Gross-Kohnen-Zagier theorem to certain
more general quotients of Hermitian symmetric spaces of higher dimension, namely
to quotients of the space associated to an orthogonal group of signature (2, b) by the
unit group of a lattice. Indeed he relates the Heegner divisors on the given quotient
space to the Fourier coefficients of vector-valued holomorphic modular forms of weight
1 + b
2
.
4. The Gross-Zagier formula
In this section, we review the works of B. Gross and D. Zagier [35] who solved the
conjecture proposed by B. Birch early in the 1980s. These works had some applica-
tions to the study of the BSD conjecture and the class number problem of imaginary
quadratic fields. They obtained the famous Gross-Zagier formula relating the Ne´ron-
Tate heights of Heegner points on the modular curve to the central derivatives of
some Rankin-Selberg L-functions under mild Heegner condition.
Let D be congruent to a square (mod 4N). Assume that D is odd and congruent to
1 (mod 4). let x = (E −→ E ′) be a Heegner point of discriminant D on X0(N). That
is, the elliptic curves E and E ′ have complex multiplication by O = OD, where O is
the ring of integers of the imaginary quadratic field K = Q(
√
D) with (D,N) = 1.
Let h = hK be the class number of K. Let u = |O×/{±1}|. Then
u =

1 if D 6= −3,−4
2 if D = −4
3 if D = −3.
Let s be the number of distinct prime factors of N . It is known that there are 2sh
Heegner points onX0(N) that are all rational over the Hilbert class fieldH = K(j(E))
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of K. For each place v of H , we define | · |v : H×v −→ R≥0 by
|α|v =

αα = |α|2 if Hv ∼= C
q
−v(α)
v if Hv is nonarchimedean with prime π satisfying
v(π) = 1 and finite residue field of order qv
Let J = J(X0(N)) be the Jacobian of X0(N). Then it is known that there is the
canonical height pairing
(4.1) 〈 , 〉 : J × J −→ R
over H . The quadratic form
(4.2) hˆ : J −→ R ∪ {0}, hˆ(a) = 〈a, a〉, a ∈ J
associated to the height pairing 〈 , 〉 is the canonical Ne´ron-Tate height associated
to the class of the divisor (2Θ), where Θ is a symmetric theta divisor in J . Since this
divisor Θ is ample, hˆ defines a positive definite quadratic form on J(H) ⊗ R. This
form can be extended to a Hermitian form on J(H)⊗ C.
The Petersson inner product on Sk(Γ0(N)) is defined by
(4.3) (f1, f2) :=
∫
Γ0(N)\H
f1(τ) f2(τ) y
k+2 dxdy, τ = x+ i y, f1, f2 ∈ Sk(Γ0(N)).
Let f ∈ Snew2 (Γ0(N)) whose Fourier expansion is f(τ) =
∑
n≥1 a(n)q
n. Let σ be a fixed
element in Gal(H/K) which is canonically isomorphic to the class group ClK of K
by the Artin map of global class field theory. Let s be the class in ClK corresponding
to σ. We define
(4.4) θs(τ) =
1
2u
+
∑
a∈s
a integral
e2πiNa τ =
∑
n≥0
rs(n) q
n,
where rs(0) =
1
2u
and for n ≥ 1,
rs(n) = |{a ∈ s | a integral, Na = n }|.
Then θs(τ) defines a modular form of weight 1 on Γ1(D) with a character ǫ : (Z/DZ)
× →
{±1} associated with the quadratic extension K/Q. To a new form f ∈ Snew2 (Γ0(N))
and the ideal class s in ClK we associate the L-series Ls(f, s) defined by
(4.5) Ls(f, s) :=
∑
n≥1
(n,DN)=1
ǫ(n)
n2s−1
·
∑
n≥1
a(n)rs(n)
ns
Definition 4.1. Let f ∈ Snew2 (Γ0(N)) be a normalized eigenform of the Hecke algebra
T and χ : ClK → C∗. We define the L-function
(4.6) L(f, χ, s) :=
∑
s∈ClK
χ(s)Ls(f, s).
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Both Ls(f, s) and L(f, χ, s) converge absolutely in Re(s) >
3
2
. It is shown in [35]
that they both have an analytic continuation to entire functions to the whole complex
plane, satisfy the functional equations when s is replaced by 2−s and vanish at s = 1.
We assume that D is square-free and (D,N) = 1.
Theorem 4.1. Let x = (E −→ E ′) be a Heegner point of discriminant D. We put
c = (x)− (∞) ∈ J(H). Let Gal(H/K) be an element corresponding to s ∈ ClK . Let
〈 , 〉 be the canonical height pairing on J(H)⊗ C. Then the series
(4.7) gs(τ) =
∑
m≥1
〈c, Tmcσ〉 qm
is an element of S2(Γ0(N)) and satisfies the following property
(4.8) (f, gs) =
u2
√|D|
8π2
L′s(f, 1)
for all f ∈ Snew2 (Γ0(N)).
Theorem 4.2. Let f ∈ Snew2 (Γ0(N)) be a normalized eigenform of the Hecke algebra
T and χ : ClK → C∗. Then
(4.9) L′(f, χ, 1) =
8 π2(f, f)
h u2
√|D| hˆ(cχ,f),
where
cχ =
∑
σ∈Gal(H/K)
χ−1(σ)cσ ∈ the χ−eigenspace of J(H)⊗ C
and cχ,f is the projection of cχ to the f -isotypical component of J(H)⊗ C.
The proofs of the above two theorems can be found in [35].
Using Theorem 4.2 and a theorem of Waldspurger, Gross and Zagier [35] obtained
the following theorem:
Theorem 4.3. Let E be an elliptic curve over Q. Then there is a rational point P
in E(Q) such that
L′(E, 1) = αΩ 〈P, P 〉, α ∈ Q∗,
where Ω is the real period of a regular differential on E over Q. In particular,
(1) If L′(E, 1) 6= 0, there is an element of infinite order in E(Q).
(2) If L′(E, 1) 6= 0 and rE = 1, then
L′(E, 1) = β ΩR, β ∈ Q∗,
where R is the elliptic regulator of E.
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Remark 4.1. The Gross-Zagier formula may be regarded as a generalization of the
class number formula and the Kronecker limit formula. The school of Zhang [82,
84, 85] generalized the Gross-Zagier formula on modular curves to the formula on
quaternionic Shimura curves over totally real fields.
5. Borcherds product
In this section, we review Borcherds products. We follow the notations in [12].
Let (V, q) be a quadratic space of signature (2, ℓ) and L ⊂ V an even lattice. We
extend the bilinear form (·, ·) attached to the quadratic form q to a C-linear form on
the complexification VC of V . Let Gr(L) be the Grassmannian of L, that is, the real
analytic manifold of two-dimensional positive definite subspaces of V . The subset
(5.1) K := {[z] ∈ P(VC) | (z, z) = 0, (z, z¯) > 0 }
has two connected components. We choose one of them, denoted by K +. We see
easily that the identity component O+(V ) of O(V ) acts on K + transitively. Thus
K + ∼= O+(V )/H is a Hermitian symmetric space of dimension ℓ, where H is the
stabilizer of a fixed point in K +.
K + may be realized as a tube domain in Cℓ as follows. Let L′ be the dual lattice
of L, and let D(L) := L′/L be the discriminant group of L. Suppose that z ∈ L is a
primitive norm 0 vector (i.e., Qz∩L = Zz and q(z) = 0) and z∗ ∈ L′ with (z, z∗) = 1.
Then the sublattice K := L ∩ z⊥ ∩ z⊥∗ is Lorenzian and
(5.2) V = (K ⊗ R)⊕ Rz∗ ⊕ Rz.
If zL ∈ L⊗ C and zL = zK + az∗ + bz with z∗ ∈ K ⊕ C and a, b ∈ C, then we briefly
write zL = (zK , a, b). Let
(5.3) HK :=
{
zK = xK + i yK ∈ K ⊗ C | xK , yK ∈ K ⊗ R, y2K = (yK , yK) = 0
}
.
We define the map fK,L : HK −→ K by
(5.4) fK,L(zK) := [(zK , 1,−q(z)− q(z∗))], zK ∈ HK .
Then we see easily that fK,L is biholomorphic. Let Hℓ be the component of HK
that is mapped to K + under fK,L. If we put the cone i C := Hℓ ∩ i (K ⊗ R), then
Hℓ = K ⊗ R⊕ i C.
For β ∈ D(L) := L′/L and m ∈ Z+ q(β) with m < 0, we define a subset H˜(β,m)
of Gr(L) by
H˜(β,m) :=
⋃
λ∈β+L
q(λ)=m
λ⊥.
Here λ⊥ denotes the orthogonal complement of λ in Gr(L), that is, the set of all pos-
itive definite two-dimensional subspaces w ⊂ V with w ⊥ λ. Let Γ be the orthogonal
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group Γ(L) or a subgroup of Γ(L) of finite index. Then
(5.5) H(β,m) :=
∑
λ∈β+L
q(λ)=m
λ⊥.
is a Γ-invariant divisor on Hℓ with support H˜(β,m). It is the inverse image under
the canonical projection of an algebraic divisor on Γ\Hℓ, which we call the Heegner
divisor of index (β,m).
Let z ∈ L be a primitive norm 0 vector and z∗ ∈ L′ with (z, z∗) = 1. Let N be
the unique positive integer such that (z, L) = NZ. We set K := L ∩ z⊥ ∩ z⊥∗ . If
v ∈ V = L⊗ R, we write vK for the orthogonal projection of v to K ⊗ R. Then
vK = v − (v, z)z∗ + (v, z)(z∗, z∗)z − (v, z∗)z.
Thus if v ∈ L′, then vK ∈ K ′. Let ζ ∈ L with (ζ, z) = N . Then it can be represented
uniquely as
ζ = ζK +Nz∗ +Bz, ζ ∈ K ′, B ∈ Q.
It can be shown easily that L can be written as
(5.6) L = K ⊕ Zζ ⊕ Zz.
It follows from (5.6) that |D(L)| = N2 |D(K)|. Moreover we obtain the isometric
embedding cK ′,L′ : K
′ −→ L′ defined by
cK ′,L′(γ) := γ − (γ, ζ)
N
z, γ ∈ K ′.
The kernel of the induced map cK ′,L′ : K
′ −→ L′ −→ L′/L of cK ′,L′ is equal to
{γ ∈ K | (γ, ζ) ≡ 0 (modN) }.
We consider the sublattice of L′ defined by
L′0 := {λ ∈ L′ | (λ, z) ≡ 0 (modN) } .
Clearly L ⊂ L′0. The map p : L′0 −→ K ′ defined by
(5.7) p(λ) := λK − (λ, z)
N
ζK, λ ∈ L′0
is a projection of L′0 onto K
′. It is easy to see that p(L) = K. Thus p induces a
surjective map p¯ : L′0/L −→ K ′/K. We note that
L′0/L := {λ ∈ L′/L | (λ, z) ≡ 0 (modN) } .
Let β ∈ D(L) := L′/L and m ∈ Z+ q(β) with m < 0. We consider the theta integral
(5.8) ΦLβ,m(v, s) :=
∫
SL(2,Z)\H
〈FLβ,m(τ, s),ΘL(τ, v)〉y
dx dy
y2
, v ∈ Gr(L), s ∈ C,
where FLβ,m(τ, s) denotes the Maass-Poincare´ series of index (β,m) with τ ∈ H (cf. [12,
Definition 1.8, p. 29]) and ΘL(τ, v) := ΘL(τ, v; 0, 0) is the Siegel theta function (cf. [12,
(2.2), p. 39]).
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The set of norm 1 vectors in V = L ⊗ R has two component, one of them being
given by
V1 :=
{
v1 ∈ V | v21 = 1, (z, v1) > 0
}
.
We may identify Gr(L) with via
V1 −→ Gr(L), v1 7→ Rv1.
This is the hyperboloid model of the hyperbolic space. Moreover Gr(L) can be
realized as the upper half space
H :=
{
(x0, x1, · · · , xℓ−2) ∈ Rℓ−1 | x0 > 0
}
.
This is known as the upper half space model of hyperbolic space.
In the coordinates of V1 the Fourier expansion of Φ
L
β,m is given by
ΦLβ,m(v1) =
1√
2 (z, v1)
ΦKβ,m + 4
√
2π (z, v1)
∑
ℓ(N)
b(ℓz/N, 0)B2(ℓ/N)
+ 4
√
2π (z, v1)
∑
λ∈p(β)+K
q(λ)=m
B2
(
(λ, v1)
(z, v1)
+ (β, z∗)
)
(5.9)
+ 4
√
2 (π/(z, v1))
−k
∑
λ∈K ′−0
∑
δ∈L′0/L
q(δ)=λ+K
b(δ, q(λ)) |λ|1−k
×
∑
n≥1
n−k−1 e
(
n
(λ, v1)
(z, v1)
+ n (δ, z′)
)
K1−k(2πn |λ|/(z, v1)).
Here ΦKβ,m denotes the constant Φ
K
β,m(w, 1 − k/2), b(γ, n) denotes the Fourier coeffi-
cients of the Poincare´ series FLβ,m(τ, 1 − k/2), Kν is the modified Bessel function of
the third kind, and
B2(x) := −2
∑
n∈Z×
e(nx)
(2πin)2
.
Definition 5.1. Using the above notations we define two functions ξLβ,m and ψ
L
β,m on
Gr(L) by
ξLβ,m(v1) =
ΦKβ,m√
2
(
1
(z, v1)
− 2 (z∗, v1)
)
+
4
√
2
(z, v1)
∑
λ∈p(β)+K
q(λ)=m
(λ, v1)
2
+4
√
2 (π/(z, v1))
−k
∑
λ∈K ′−0
∑
δ∈L′0/L
q(δ)=λ+K
b(δ, q(λ)) |λ|1−k(5.10)
×
∑
n≥1
n−k−1 e
(
n
(λ, v1)
(z, v1)
+ n (δ, z∗)
)
K1−k(2πn |λ|/(z, v1))
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and
ψLβ,m(v1) := Φ
L
β,m(v1)− ξLβ,m(v1).
Note that this definition depends on the choice of the vector z and z∗ and ξ
L
β,m =
ξL−β,m. It is known that Φ
L
β,m, ξ
L
β,m and ψ
L
β,m are real-valued functions (cf. [12, Theo-
rem 2.14]). Furthermore according to [12, Theorem 3.4], ψLβ,m is the restriction of a
continuous piecewise linear function on V and its only singularities lie on the Heegner
divisor H(β,m).
Definition 5.2. For v ∈ Gr(L)−H(β,m), we define
Φβ,m(v) := CT(Φβ,m(v, 1− k/2)).
Here CT(Φβ,m(v, 1−k/2)) is the constant term of the Laurent expansion of Φβ,m(v, s)
at s = 1 − k/2. The set of all points v ∈ Gr(L) − H(β,m) is not connected. The
connected components of Gr(L) − H(β,m) are called the Weyl chamber of Gr(L) of
index (β,m).
Definition 5.3. Let W be a Weyl chamber of index (β,m). We define ρβ,m(W ) to
be the unique vector in V satisfying the following property :
ΨLβ,m(w) := 8
√
2π (w, ρβ,m(W )), w ∈ W.
We call ρβ,m(W ) the Weyl vector of W . We refer to [12, Definition 3.3] for the precise
definition of ΨLβ,m.
Definition 5.4. Let f : H −→ C [D(L)] be a nearly holomorphic modular form for
Mp2(Z) of weight k = 1− ℓ2 with its principal part∑
γ∈D(L)
∑
n∈Z+q(γ)
n<0
c(γ, n) eγ(nτ)
We call the components of
Gr(K)−
⋃
γ∈L′0/L
⋃
n∈Z+q(γ)
n<0, c(γ,n) 6=0
H(p(γ), n)
the Weyl chambers of Gr(K) with respect to f . Let W be such a Weyl chamber. We
define
AL := {(γ, n) ∈ L′0/L | γ ∈ L′0/L, n ∈ Z+ q(γ) with n < 0, c(γ, n) 6= 0 } .
For any (γ, n) ∈ AL, there is a Weyl chamber Wγ,n of Gr(K) of index (p¯(γ), n) such
that W ⊂Wγ,n. Then
W =
⋂
γ∈L′0/L
⋂
n∈Z+q(γ)
n<0, c(γ,n) 6=0
Wγ,n =
⋂
(γ,n)∈AL
Wγ,n.
We define the Weyl vector ρf(W ) attached to a Weyl chamber W and f by
(5.11) ρf (W ) =
1
2
∑
γ∈L′0/L
∑
n∈Z+q(γ)
n<0
c(γ, n) ρp¯(γ),n(Wγ,n).
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R. Borcherds [6] proved the following
Theorem 5.1. Let L be an even lattice of signature (2, ℓ) with ℓ ≥ 3, and z ∈ L a
primitive isotropic vector. Let z∗ ∈ L′, K = L ∩ z⊥ ∩ z⊥∗ and p : L′0 −→ K ′ is the
map defined by (5.7). Assume that K contains an isotropic vector. Let f be a nearly
holomorphic modular form of weight k = 1− ℓ
2
whose Fourier coefficients c(γ, n) are
integral for n < 0. Then the function
(5.12) Ψ(Z) =
∏
β∈D(L)
∏
m∈Z+q(β)
m<0
Ψβ,m(Z)
c(β,m)/2
is a meromorphic function on Hℓ with the following properties:
(Bo1) Ψ(Z) is a meromorphic modular form of rational weight c(0,0)
2
for Γ(L) with
some multiplier system χ of finite order. If c(0, 0) ∈ 2Z, then χ is a character.
(Bo2) The divisor of Ψ(Z) on Hℓ is given by
(5.13) (Ψ) =
1
2
∑
β∈D(L)
∑
m∈Z+q(β)
m<0
c(β,m)H(β,m).
Let mβ,m be the multiplicity of H(β,m). Then
mβ,m =
{
2 if 2β = 0 in L′/L
1 if 2β 6= 0 in L′/L
We note that c(β,m) = c(β,−m) and H(β,m) = H(−β,m).
(Bo3) Let W ⊂ Hℓ be a Weyl chamber of Gr(K) with respect to f and let
m0 = min
{
nQ | c(γ, n) 6= 0 for all γ ∈ L′/L}.
On the set UΨ of Z ∈ Hℓ which satisfy q(Y ) > |m0|, and which belong to the
complement of the set of poles of Ψ(Z), the function Ψ(Z) has the Borcherds product
expansion
(5.14) Ψ(Z) = C e2πi (ρf (W ),Z)
∏
λ∈K′
(λ,W )>0
∏
δ∈L′
0
/L
p(δ)=λ+K
(
1− e2πi ((δ,z∗)+(λ,Z)))c(δ,q(λ)) ,
where C is a constant with |C| = 1, and ρf (W ) ∈ K ⊗R is the Weyl vector attached
to W and f . Here for λ ∈ K ′ we write (λ,W ) > 0 if (λ, w) > 0 for all w in the
interior of W .
Proof. The proof can be found in [6, Theorem 13.3, pp. 544–546] or [12, Theorem
3.22, pp. 88–91]. 
Theorem 5.2. Let L be an even lattice of signature (2, ℓ), that splits two orthogonal
hyperbolic planes over Z. Then every meromorphic modular form for Γ(L), whose
divisor is a linear combination of Heegner divisors, is a Borcherds product in the
sense of Theorem 5.1.
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Proof. The proof can be found in [12, Theorem 5.12, pp. 139–140]. 
6. Derivatives of the Rankin L-functions associated to the orthogonal
Shimura varieties
In this section we briefly review the relations between the Faltings height pairing
of arithmetic special divisors and CM cycles on Shimura varieties associated to or-
thogonal groups of signature (n, 2), and central derivatives of the Rankin L-functions
associated with the above Shimura varieties obtained by J.-H. Bruinier and T. Yang
[17].
Let (V,Q) be the quadratic space overQ of signature (n, 2). LetH := GSpin(V ) and
G := SL2, viewed as an algebraic group over Q. Its associated Hermitian symmetric
space is the Grassmannian
D := {z ⊂ V (R) | dim z = 2, Q|z < 0 }
of oriented negative definite two dimensional subspaces of V (R). Let
Mp(2,R) :=
{
(g, φ(τ)) | g = [a, b, c, d] ∈ SL(2,R), φ(τ)2 = cτ + d, τ ∈ H}
be the metaplectic group with multiplication
(g1, φ1(τ)) · (g2, φ2(τ)) = (g1g2, φ1(g2τ)φ2(τ)).
Let L ⊂ V be an even lattice, and let L′ be the dual lattice. We denote by SL the
subspace of Schwartz functions in the Schwartz space S(V (Af )) which are supported
on L′⊗ Ẑ and which are constant on cosets of L̂ := L⊗ Ẑ. For any µ ∈ D(L) := L′/L,
the characteristic function φµ := char(µ+ L̂) belongs to SL and
SL =
⊕
µ∈D(L)
Cφµ ⊂ S(V (Af)).
Let ρL : Mp(2,Z) −→ Aut(SL) be the Weil representation on SL defined by
(6.1) ρL(T )(φµ) := e
2πi (µ,µ)φµ
and
(6.2) ρL(S)(φµ) :=
e
2−n
4√|D(L)| ∑
ν∈D(L)
e−2πi (µ,ν)φν ,
where
T := ([1, 1, 0, 1], 1) and S := ([0,−1, 1, 0],√τ)
are the standard generators of Mp(2,Z).
Assume k ≤ 1. A C2-function f : H −→ SL is called a harmonic weak Maass form of
weight k with respect to Mp(2,Z) and ρL if it satisfies the conditions (HM1)-(HM3):
(HM1) f(γ · τ) = φ(τ)2kρL(γ˜)f(τ), τ ∈ H for all γ˜ = (γ, φ(τ)) ∈Mp(2,Z).
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(HM2) There is a SL-valued Fourier polynomial
(6.3) Pf(τ) =
∑
µ∈D(L)
∑
m≤0
c+(m,µ) qm φµ
such that f(τ)− Pf(τ) = O(e−εy) as y −→∞ for some ε > 0.
(HM3) ∆kf = 0, where
(6.4) ∆k := −y2
(
∂2
∂x2
+
∂2
∂y2
)
+ i k y
(
∂
∂x
+ i
∂
∂y
)
, τ = x+ iy ∈ H.
We denote by H(k, ρL) the vector space of all harmonic weak Maass forms of weight
k with respect to Mp(2,Z) and ρL. Any f ∈ H(k, ρL) has a unique decomposition
f = f+ + f−, where
(6.5) f+(τ) :=
∑
µ∈D(L)
( ∑
m∈Q,m≫−∞
c+(m,µ) qm
)
φµ, (the holomorphic part of f)
and
(6.6) f−(τ) :=
∑
µ∈D(L)
( ∑
m∈Q,m<0
c−(m,µ) Γ(1− 2k, 2π|m|y) qm
)
φµ.
(the non-holomorphic part of f)
Here Γ(s) is the usual Gamma function.
We define the Maass lowering operator Lk and the Maass raising operator Rk by
(6.7) Lk := −2 i y2 ∂
∂τ
,
(6.8) Rk := −2 i ∂
∂τ
+ k y−1,
and the Bruinier-Funke anti-linear differential operator [13]
ξk : H(k, ρL) −→ S2−k,ρ¯L
by
(6.9) f(τ) 7→ ξk(f)(τ) := yk−2Lkf(τ).
Here S2−k,ρ¯L denotes the vector space of all cusp forms of weight 2 − k with respect
to Mp(2,Z) and ρ¯L. We see easily that the kernel of ξk is the space of weakly
holomorphic modular forms of weight k with respect to Mp(2,Z) and ρL, denoted by
M !k,ρL. We have the following exact sequence [13, Corollary 3.8]
(6.10) 0 −→M !k,ρL −→ H(k, ρL) −→ S2−k,ρ¯L −→ 0.
There is a bilinear pairing between M2−k,ρ¯L and H(k, ρL) defined by the Petersson
scalar product
{g, f} := (g, ξk(f))Pet, g ∈M2−k,ρ¯L , f ∈ H(k, ρL)
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It follows from the exactness of the sequence (6.10) that the induced pairing between
S2−k,ρ¯L and H(k, ρL)/M
!
k,ρL
is non-degenerate.
Let (V,Q), L, H = GSpin(V ) · · · be as above. Let K ⊂ H(Af) be a compact open
subgroup acting trivially on SL. The Shimura variety
(6.11) XK := H(Q)\(D×H(Af))/K
is a quasi-projective variety of dimension n. We consider the special divisors on
XK . Let x ∈ V (Q) be a vector of positive norm, and let Vx be the orthogonal
complement of x in V . If Hx is the stabilizer of x in H , then Hx ∼= GSpin(Vx). The
sub-Grassmannian
(6.12) Dx := {z ∈ D | z ⊥ x }
defines an analytic divisor on D. For h ∈ H(Af), we consider the natural map
(6.13) Hx(Q)\(Dx ×Hx(Af))/(Hx(Af ) ∩ hKh−1) −→ XK , (z, h1) 7→ (z, h1h).
Its image defines a divisor Z(x, h) on XK which is rational over Q. For m ∈ Q+, we
let
Ωm := {x ∈ V | Q(x) = m }.
If Ωm is not empty, then by Witt’s theorem, we have Ωm(Q) = H(Q)x0 and Ωm(Af ) =
H(Af)x0 for a fixed element x0 ∈ Ωm(Q).
For ϕ ∈ SL ⊂ S(Af), we may write
supp(ϕ) ∩ Ωm(Af ) =
⊔
j
Kα−1j x0 a finite disjoint union, αj ∈ H(Af)
because supp(ϕ) is compact and Ωm(Af) is a closed subset of V (Af). We set, for any
m ∈ Q+ and the above ϕ ∈ SL,
(6.14) Z(m,ϕ) :=
∑
j
ϕ(α−1j x0)Z(x0, αj).
We observe that Z(m,ϕ) is a divisor on XK independent of the choice of x0 and the
representatives αj . We write, for µ ∈ D(L),
(6.15) Z(m,µ) := Z(m,ϕµ).
Let f ∈ H(1− n
2
, ρ¯L). We consider the regularized theta integral
(6.16) Φ(z, h, f) :=
∫ reg
F
〈f(τ), θL(τ, z, h)〉dµ(τ),
where z ∈ D, h ∈ H(Af), F = {τ = x + iy ∈ H | |x| ≤ 12 , |τ | ≤ 1 } and θL is a
SL-valued theta function. We refer to [17, pp. 638-639] or [Appendix A. (A.7)] for the
precise definition of θL. This integral is regularized, i.e., Φ(z, h, f) is defined as the
constant term in the Laurent expansion at s = 0 of the function
(6.17) lim
T−→∞
∫
FT
〈f(τ), θL(τ, z, h)〉 y−sdµ(τ),
28 JAE-HYUN YANG
where FT := {τ = x + iy ∈ F | y ≤ T }. Then according to [17, Theorem 4.2,
pp. 650-651], we know that Φ(z, h, f) has the following properties (R1)–(R4) :
(R1) Φ(z, h, f) is smooth on XK r Z(f), where
Z(f) :=
∑
µ∈D(L)
∑
m>0
c+(−m,µ)Z(m,µ).
(R2) Φ(z, h, f) has a logarithmic singularity along the divisor −2Z(f).
(R3) ddcΦ(z, h, f) can be extended to a smooth (1, 1)-form on XK . We have the
Green current equation
ddc[Φ(z, h, f)] + δZ(f) = [dd
cΦ(z, h, f)],
where δZ(f) denotes the Dirac current of a divisor Z(f).
(R4) ∆zΦ(z, h, f) =
n
4
·c+(0, 0), where ∆z is the invariant Laplacian on D, normalized
as in [12].
It follows from (R1)–(R4) that Φ(z, h, f) is a Green function for Z(f) in the sense of
Arakelov geometry in the normalization of [68].
Now we consider the CM 0-cycles on XK . Let U ⊂ V be a negative definite two-
dimensional Q-subspace of V . It determines a two points subset {z±U } ⊂ D given
by U(R) with the possible choices of orientation. Let V+ ⊂ V be the orthogonal
complement of U over Q. Then we have the rational splitting
V = V+ ⊕ U.
Let T := GSpin(U) ⊂ H and put KT := K ∩ T (Af). Then we obtain the CM cycle
(6.18) Z(U) := T (Q)\ ({z±U } × T (Af)) /KT −→ XK .
Here each point in the cycle is counted with multiplicity 2
wK,T
with wK,T := |T (Q) ∩
KT |. Let
(6.19) N := L ∩ U, S := L ∩ V+
be two definite lattices. For any g ∈ S1+n
2
,ρL, we define the L-function by means of
the convolution integral
(6.20) L(g, U, s) := 〈θS(τ)⊗EN (τ, s; 1), g(τ)〉Pet,
where EN(τ, s; l) is a SL-valued Eisenstein series of weight l (cf. [17, (2.16), p. 641] or
[Appendix A. (A.12)]). Then L(g, U, s) has a meromorphic continuation to the whole
complex plane because of the meromorphic continuation of EN(τ, s; 1) to C. We note
that L(g, U, 0) = 0 because EN(τ, s; l) is incoherent. When N ∼= (A,− NN(A)) for a
fractional ideal A of k = Q(
√
D), we put
(6.21) L∗(g, U, s) := Λ(χD, s+ 1)L(g, U, s),
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where
(6.22) Λ(χD, s) := |D| s2ΓR(s+ 1)L(χD, s), ΓR(s) := π− s2 Γ
(s
2
)
.
Then we obtain the functional equation
(6.23) L∗(g, U, s) := −L∗(g, U,−s).
Under the assumption that Φ(z, h, f) is harmonic, i.e., ∆zΦ(z, h, f) = 0, Bruinier
and Yang [17, Theorem 4.7, pp. 654-655] computed the value of Φ(z, h, f) at the CM
cycle Z(U) :
(6.24) Φ(Z(U), f) = deg(Z(U)) · (CT(〈f+(τ), θP (τ)⊗ EN(τ)〉)+ L′(ξ(f), U, 0),
where CT( · ) denotes the constant term of a Fourier series, f+(τ) is given by (6.5)
and EN(τ) is the holomorphic part of the derivative E
′
N(τ, 0; 1) at the Eisenstein series
associated to the lattice N = L ∩ U (cf. [17, (2.26), p. 643] or [Appendix A. (A.20)]).
Definition 6.1. Let X −→ SpecZ be an arithmetic variety of relative dimension n.
Let Zd(X) be the group of codimension d cycles on X. If F ⊂ C is a subfield, we put
ĈH
1
(X)F := ĈH
1
(X)⊗Z F.
Then there is a height pairing
〈 , 〉Fal : ĈH
1
(X)× Zn(X) −→ R
defined by
(6.25) 〈x̂, y〉Fal := 〈x, y〉fin + 〈x̂, y〉∞, x̂ = (x, gx) ∈ ĈH
1
(X), y ∈ Zn(X),
where 〈x, y〉fin denotes the intersection pairing at the finite places and
〈x̂, y〉∞ := 1
2
gx(y(C)).
The quantity 〈x̂, y〉Fal is called the Faltings height of y with respect to x̂.
Assume that there is a regular scheme XK −→ SpecZ, projective and flat over
Z, whose associated complex variety is a smooth compactification X∗K of XK . Let
Z (m,µ) and Z (U) be suitable extensions to XK of Z(m,µ) and Z(U) respectively.
For any f ∈ H(1− n
2
, ρL), we set
(6.26) Z (f) :=
∑
µ∈D(L)
∑
m>0
c+(−m,µ)Z (m,µ)
and
(6.27) Ẑ (f) := (Z (f),Φ( · , f)) ∈ ĈH1(XK)C.
We note that
(6.28) 〈Ẑ (f),Z (U)〉)∞ = 1
2
Φ(Z(U), f).
Bruinier and Yang [17] formulated the following conjecture.
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Conjecture. For f ∈ H(1− n
2
, ρL), one has
(6.29) 〈Ẑ (f),Z (U)〉Fal = deg(Z(U))
2
(
c+(0, 0) κ(0, 0) + L′(ξ(f), U, 0)
)
,
where c+(0, 0) is given by (6.5) and κ(0, 0) is the (0, 0)-th coefficient of
EN(τ) :=
∑
µ∈D(N)
∑
m∈Q
κ(m,µ) qm φµ, D(N) := N
′/N.
We refer to the formula (A.19) in Appendix A for the precise definition of κ(m,µ).
Bruinier and Yang proved that the above conjecture holds for the case n = 0 [17,
Theorem 6.5, p. 663] and also for the case n = 1 [17, Theorem 7.14, p. 676]. The proof
of the case n = 1 gives another proof of the famous Gross-Zagier formula [35]. They
also proved that the above conjecture holds for very special cases when n = 2.
Remark 6.1. Bruinier, Howard and Yang [18] studied special cycles on integral mod-
els of Shimura varieties associated to unitary similitude groups of signature (n−1, 1).
They constructed an arithmetic theta lift from harmonic weak Maass forms of weight
2 − n to the arithmetic Chow group ĈH1(M∗L) of the integral model of a unitary
Shimura variety, and then they proved in loc.cit. that the height pairing of the arith-
metic theta lift of f ∈ H2−n(ωL)∆ against a CM cycle is equal to the central value
of the derivative of the Rankin-Selberg convolution L-function of a cusp form ξ(f)
of weight n and the theta function of a positive definite Hermitian lattice of rank
n− 1. When specified to the case n = 2, this result can be viewed as a variant of the
Gross-Zagier formula for Shimura curves associated to unitary groups of signature
(1, 1).
7. Derivatives of the Artin L-functions
In this section we describe the relations between the Faltings heights of CM abelian
varieties and the derivatives of certain Artin L-functions. An interesting relation,
so-called the averaged Colmez’s formula was proved recently by Andreatta, Goren,
Howard and Madapushi-Pera (simply [AGHM]) [3], and independently by Yuan and
Zhang (simply [YZ]) [81]. Using the averaged Colmez’s formula, J. Tsimerman [69]
proved the Andre´-Oort conjecture for the Siegel modular variety Ag (g ≥ 1).
7.1. Faltings heights
Let A be an abelian variety of dimension d over a number field K. Without loss
of generality we may assume that A has semistable reduction over K. Let A be the
Ne´ron model of A over the ring of integers OK . Let
ωA := π∗Ω
d
A/OK
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be the Hodge bundle of A over SpecOK , where π : A −→ SpecOK is the structure
morphism. Then there exists a canonical Hermitian metric ‖ , ‖ = {‖ , ‖σ}σ on ωA
given by
‖α‖2σ :=
1
2d
∣∣∣ ∫
Aσ(C)
α ∧ α
∣∣∣, Aσ(C) := σ(A)(C),
where σ : K −→ C is any embedding and α ∈ ωA ⊗σ C = Hom(Aσ(C),ΩdAσ(C)/C)
is any nonzero global holomorphic d-form on Aσ(C). Moreover we may assume
that the class of ωA is trivial. So we may write ωA = OKα for some nonzero
α ∈ H0(SpecOK ,OK) = H0(A,ΩdA/OK ). If d = 1, α is the usual Ne´ron differential
over an elliptic curve. The pair (ωA, ‖ , ‖) is a hermitian line bundle over SpecOK .
The Faltings height of A is defined to be
hFal(A) =
1
[K : Q]
d̂eg(ωA)(7.1)
=
1
2[K : Q]
∑
σ:K−→C
log
(
1
2d
∣∣∣ ∫
Aσ(C)
α ∧ α
∣∣∣) ,
where d̂eg(ωA) denotes the arithmetic degree of ωA [68, p. 67].
7.2. Colmez’s conjecture
Let E be a CM field of degree 2d with the maximal totally real subfield F and let
c : E −→ E be the conjugation. Let A be an abelian variety over C of dimension
d with complex multiplication by the maximal order OE ⊂ E and having CM type
Φ ⊂ Hom(E,C). By the theory of complex multiplication, there is a number field
K such that A is defined over K and has a smooth projective integral model A over
SpecOK . P. Colmez [27, Theorem II. 2.10 (ii), p. 665] proved that the Faltings height
hFal(A) of A depends only on the CM type (E,Φ), and not on A itself. We denote it
by
(7.2) hFal(E,Φ) := hFal(A).
Moreover, he formulated a conjectural formula for hFal(E,Φ) in terms of the loga-
rithmic derivatives at s = 0 of certain Artin L-functions constructed in terms of the
purely Galois-theoretic input (E,Φ) (cf. [27, Conjecture II. 2.11, p. 665]). The precise
conjecture may be described as follows :
Colmez’s conjecture. Let E, Φ, A, · · · be as above. Let Enc be the normal closure
of E. Then we have the following identity :
hFal(E,Φ) =
∑
ρ
cρ,Φ
(
L′(0, ρ)
L(0, ρ)
+
log fρ
2
)
(7.3)
=
∑
ρ
cρ,Φ
(
d
ds
∣∣∣
s=0
logL(s, ρ) +
log fρ
2
)
,
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where ρ runs over irreducible complex representations of the Galois group Gal(Enc/E)
for which L(0, ρ) does not vanish, L(s, ρ) is the Artin L-function determined by ρ,
cρ,Φ are rational numbers depending only on the finite combinatorial data given by Φ
and Gal(Enc/E), and fρ is the Artin conductor of ρ.
Remark 7.1. Colmez’s conjecture is still open in general. When d = 1, E is a
quadratic imaginary field, and thus Colmez’s conjecture is a form of the Chowla-
Selberg formula. When E/Q is an abelian extension, Colmez proved his conjecture in
loc. cit., up to a rational multiple of log 2. This extra error term was subsequently
removed by A.Obus [54]. When d = 2, T. Yang [80] was able to prove Colmez’s
conjecture in many cases, including the first known cases of non-abelian extensions.
Recently, the averaged version of Colmez’s conjecture was proved by [AGHM], and
independently by [YZ]. The averaged Colmez’s conjecture can be stated in the fol-
lowing way :
Theorem 7.1. The averaged Colmez’s conjecture holds if we one averages over all
CM types, up to a small error. Precisely,
(7.4)
1
2d
∑
Φ
hFal(E,Φ) = −1
2
· d
ds
∣∣∣
s=0
logL(s, χ)− 1
4
log
∣∣∣dE
dF
∣∣∣− d
2
· log(2π),
where χ : A×F −→ {±1} is the quadratic Hecke character determined by the exten-
sion E/F , and L(s, χ) is the Artin L-function without the local factors at archime-
dian places. The sum on the left hand side ranges over all 2d CM types of E, and
dE (resp. dF ) is the discriminant of E (resp.F ).
Remark 7.2. The proof of the above theorem given by [AGHM] [3] is quite diferent
from that given by [YZ] [81]. The proof of [AGHM] is based on the computation of
arithmetic intersection numbers of high dimensional Shimura varieties of orthogonal
type, and the idea of T. Yang [80] on the Clomez’s conjecture for d = 2. On the other
hand, the proof given by [YZ] [81] is based on the work of Yuan-Zhang-Zhang [82]
on the generalized Gross-Zagier formula and the computation of intersection numbers
over Shimura curves.
Here we will give a rough sketch of the main ideas of the proof given by [AGHM].
Let F be a totally real field of degree d, and a quadratic space (V ,Q) over F of
dimension 2 and signature ((0, 2), (2, 0), · · · , (2, 0)). In other words, V is negative
definite at one archimedian place and positive definite at the rest. The even Clifford
algebra E := Cl+(V) is a CM field of degree 2 d with F as its maximal totally real
subfield. We define the quadratic space
(7.5) (V,Q) := (V ,TrF/Q ◦Q)
over Q of signature (n, 2) with n = 2 (d−1). We put H := GSpin(V ). Fix a maximal
lattice L ⊂ V. Let L′ be the dual lattice of L with respect to the symmetric bilinear
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form
[x, y] := Q(x, y)−Q(x)−Q(y).
The associated Hermitian space
D = {z ∈ VC | [z, z] = 0, [z, z] < 0} /C×.
Let K be a compact open subgroup of H(Af). The GSpin Shimura variety
M(C) := H(Q)\(D×H(Af)/K
is the space of complex points of a smooth algebraic stack M over Q. Let T be the
torus over Q with points
T (Q) = E×/ker (Nm : F× −→ Q×).
The relation (7.5) induces a morphism T −→ H so that one can construct a zero
dimensional Shimura variety Y over E, together with a morphism Y −→ M of Q-
stacks. The image of this morphism consists of special points in the sense of Deligne
and are the big CM points of [14]. [AGHM] define an integral model Y of Y , regular
and flat over OE along with a morphism Y −→M of Z-stacks. The composition of
d̂eg and the pullback
P̂ic(M) −→ P̂ic(Y) d̂eg−→ R
defines a linear functional,called the arithmetic degree along Y denoted by
Ẑ 7−→ [Ẑ : Y ].
The completed L-function
(7.6) Λ(s, χ) :=
∣∣∣dE
dF
∣∣∣s/2ΓR(s+ 2)d L(s, χ)
satisfies the functional equation Λ(1− s, χ) = Λ(s, χ) and also
(7.7)
Λ′(0, χ)
Λ(0, χ)
=
L′(0, χ)
L(0, χ)
+
1
2
log
∣∣∣dE
dF
∣∣∣− d
2
log(4πeγ).
Here γ denotes the Euler constant and ΓR(s) is defined by (6.21).
For a fixed Schwartz function ϕ ∈ S(V ), we let E(g, s, ϕ) be the corresponding
incoherent weight 1 Eisenstein series on SL2(AF ). For any ~τ = (τ1, · · · , τd) ∈ Hd, let
g~τ ∈ SL2(AF ) be the matrix with archimedean components
gτj =
(
1 xj
0 1
)(
y
1/2
j 0
0 y
−1/2
j
)
, τj = xj + iyj ∈ H (1 ≤ j ≤ d)
and take all finite components to be the identity matrix. The Hilbert modular Eisen-
stein series of weight 1
E(~τ , s, ϕ) := N(~y)−1/2 ·E(g~τ , s, ϕ), N(~y) := y1 · · · yd
was defined in [14, (4.4)].
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Let f ∈ H(2− d, ρL) with integral principal part. Then ξ(f) ∈ Sd,ρL has a decom-
position ξ(f) =
∑
µ∈D(L) ξ(f)µ(τ)ϕµ. Here ξ denotes the Bruinier-Funke differential
operator defined by (6.9). Bruinier-Kudla-Yang [14, (5.3)] defined the following L-
function
(7.8) L (s, ξ(f)) := Λ(s+ 1, χ)
∫
SL2(Z)\H
∑
µ∈D(L)
ξ(f)µ(τ)E(τ, s, ϕµ) y
d dx dy
y2
.
Here E(τ, s, ϕµ) is the restriction of E(~τ, s, ϕµ) to the diagonal embedding H →֒ Hd.
Then L (s, ξ(f)) is entire, satisfies the functional equation and L (0, ξ(f)) = 0.
[AGHM] [3, Theorem 6.4.2] proved the following :
Theorem 7.2. Suppose f ∈ H(1 − n
2
, ρL) is a harmonic weak Maass form with
integral principal part of weight 1 − n
2
with respect to Mp(2,Z) and ρL. Let Ẑ (f) be
the arithmetic divisor on M (cf. (6.26)). Then one obtains the equality
(7.9) Λ(0, χ) [Ẑ (f) : Y ] = degC(Y )
{
a(0, 0) · c+f (0, 0)−L ′(0, ξ(f))
}
holds up to a Q-linear combination of {log(p) | p|Dbad,L}. Here Dbad,L is the product
of certain bad primes, depending on the lattice L ⊂ V ⊂ V ,
degC(Y ) :=
∑
y∈Y (C)
1
|Aut(y)|
is the number of C-points of the E-stack Y counted with multiplicites, Λ(s, χ) is the
completed L-function, the constant a(0, 0) is the derivative at s = 0 of the constant
term of E(~τ , s) and c+f (0, 0) denotes the (0, 0)-th coefficient of the holomorphic part
f+ of f (cf. (6.5)).
Also [AGHM] showed the identity
(7.10)
a(0, 0)
Λ(0, χ)
= −2 · Λ
′(0, χ)
Λ(0, χ)
up to a Q-linear combination of {log(p) | p|Dbad,L} (cf. [3, Proposition 7.8.2]). The
proof of Theorem 7.2 is based on the Bruinier-Kudla-Yang calculation [14] of the
values of the Green function Φ(f) at the points of Y and the computation of the
finite intersection multiplicities to the arithmetic intersection [Ẑ (f) : Y ] using the
Breuil-Kisin theory.
Assume f ∈ M !1−n
2
is weakly holomorphic so that ξ(f) = 0 by the exact sequence
(6.10). Then f has the Fourier expansion
(7.11) f(τ) :=
∑
µ∈D(L)
∑
m∈Q,m≫−∞
c(m,µ) qn φµ, τ ∈ H.
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It follows from Theorem 7.2 and the formula (7.10) that
(7.12)
[Ẑ (f) : Y ]
degC(Y )
≈L 2 c+f (0, 0) ·
Λ′(0, χ)
Λ(0, χ)
,
where ≈L means the equality up to a Q-linear combination of {log(p) | p|Dbad,L}.
The integral model M carries over it the tautological bundle ω. Any h ∈ H(Af)
determines a uniformization
D −→ M(C), z 7−→ [(z, h)]
of a connected component of the complex fibre of M, and provides the tautological
bundle on D pulling back ω. If we endow ω with the metric ‖z‖2 = −(z, z)Q, we
obtain
ω̂ = (ω, ‖ , ‖) ∈ P̂ic(M).
After possibly replacing f by a positive integer multiple, the theory of Borcherds
product gives us a rational section Ψ(f) of the line bundle ω⊗cf (0,0) such that
− log ‖Ψ(f)‖2 = Φ(f)− cf (0, 0) log(4πeγ), (γ is the Euler constant)
and satisfying the identity
div(Ψ(f)) = Z (f)
up to a linear combination of irreducible components of the special fibre MF2.
We define a Cartier divisor
E2(f) := div(Ψ(f))−Z (f)
onM supported entirely in characteristic 2. If we endow E2(f) with the trivial Green
function, we obtain a metrized line bundle Ê2(f) ∈ P̂ic(M) satisfying the equality
[ω̂⊗cf(0,0) : Y ] = [Ẑ (f) : Y ]− cf (0, 0) log(4πeγ) · d degC(Y ) + [Ê2(f) : Y ].
We choose f such that cf(0, 0) 6= 0, then according to (7.9), we obtain
(7.13)
[ω̂ : Y ]
degC(Y )
+ d · log(4πeγ) ≈L 1
cf (0, 0)
· [Ê2(f) : Y ]
degC(Y )
− 2 · Λ
′(0, χ)
Λ(0, χ)
.
The cycle Y carries a canonical line bundle ω̂0. [AGHM] showed (7.14) and (7.15) :
(7.14)
1
2d−2
∑
Φ
hFal(E,Φ) =
d̂egY(ω̂0)
degC(Y )
+ log |dF | − 2 d · log(2π)
and
(7.15)
[ω̂ : Y ]
degC(Y )
≈L d̂egY(ω̂0)
degC(Y )
+ log |dF |,
where the sum on the left hand side in (7.14) runs over all 2d CM types of E. Putting
all these together, one finds that
(7.16)
1
2d
∑
Φ
hFal(E,Φ) = −1
2
· L
′(0, χ)
L(0, χ)
− 1
4
log
∣∣∣dE
dF
∣∣∣− d
2
· log(2π) +
∑
p
bE(p) log(p)
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for some rational numbers bE(p) with bE(p) = 0 for all primes p ∤ 2Dbad,L. In fact,
bE(p) = 0 for all primes p. Finally one obtains the averaged Clomez’s formula (7.4).
Remark 7.3. The main ideas of the proof of [YZ] [81] are provided by two steps.
The first step is to describe the averaged Faltings height in terms of the height of a
single CM point on a quaternionic Shimura curve, and the second step is to prove
that the height of a single CM point is given by the expected logarithmic derivative.
Their proof is essentially based on the generalized Gross-Zagier formula proved by
Yuan-Zhang-Zhang [82].
8. Final remarks
In the final section we give some remarks and open problems.
We assume that the Birch-Swinnerton-Dyer conjecture (3.29) in section 3 holds.
We take K = Q. Let r := rE be the rank of an elliptic curve E with r ≥ 2. We
assume that the Shafarevich-Tate group III(E) is finite. Then
(8.1) L(E, s) =
M |III(E)|RE
|E(Q)tor|2 (s− 1)
r + cr+1(s− 1)r+1 + · · · ,
where RE is the elliptic regulator of E and M =
∏
v∈SE
mv is an explicitly written
product of local Tamagawa factors over the set SE of all archimedean places of Q and
places where E has bad reduction and mv =
∫
E(Qv)
ω, ω being the Ne´ron differential
of E. We denote by L(ℓ)(E, s) the ℓ-th derivative of L(E, s) with respect to s. It
follows from (8.1) that
(8.2) L(r)(E, 1) = r!
M |III(E)|RE
|E(Q)tor|2 6= 0.
Problem 1. Let r, E, cr+d (d = 1, 2. · · · ) with r ≥ 2 as above. Compute the coeffi-
cients cr+1, cr+2, · · · .
The Gross-Zagier formula relates the Ne´ron-tate heights of Heegner points on the
modular curves to the central values of the first derivatives of certain Rankin-Selberg
L-functions. Some generalizations of the Gross-Zagier formula was made by Zhang
[84, 85]. Thereafter Yuan-Zhang-Zhang [82] proved a complete Gross-Zagier formula
on quaternionic Shimura curves on totally real fields. We propose the following prob-
lem.
Problem 2. Let ℓ be a positive integer with ℓ ≥ 2. Discover an analogue of the
Gross-Zagier formula relating the central values of the ℓ-th derivatives of certain
(Rankin-Selberg) L-functions to geometric-arithmetic quantities.
In section 6 we learned the relations between the Faltings height pairing of arith-
metic special divisors and CM cycles on Shimura varieties associated to orthogonal
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groups of signature (n, 2), and central values of the first derivatives of the Rankin
L-functions associated with the above Shimura varieties. In section 7 we learned the
relations between the arithmetic intersection multiplicities of special divisors and big
CM points on the Shimura varieties and the central values of the first derivatives of
certain L-functions.
We propose the following natural problem.
Problem 3. Let ℓ be a positive integer with ℓ ≥ 2. Study the relations between
central values of the ℓ-th derivatives of certain L-functions and geometric-arithmetic
properties of the associated Shimura varieties.
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Appendix A. The L-function L(F, U, s)
We follows the notations in section 6. This note is based on [17]. Let (V,Q) be a
quadratic space over Q of signature (n, 2). Let H := GSpin(V ) and G := SL2. We
write G′A for the 2-fold metaplectic cover of GA. Let G
′
R, K
′
∞ and K
′ be the inverse
images in G′A of G(R), K∞ = SO(2,R) and K = SL(2, Zˆ) ⊂ G(Af) respectively. we
write G′Q for the image in G
′
A of G(Q) under the canonical splitting. Then we have
(A.3) G′A = G
′
QG
′
RK
′ and Γ := SL(2,Z) ∼= G′Q ∩G′RK ′.
We put Γ′ = Mp(2,Z), i.e., the inverse image of Γ in G′R. Then for every γ
′ ∈ Γ′,
there are unique elements γ0 ∈ Γ and γ′′ ∈ K such that
(A.4) γ0 = γ
′γ′′.
Let ψ be the standard non-trivial additive character of A/Q. Then G′A and H(A) act
on the space S(V (A)) of Schwartz-Bruhat functions on V (A) via the Weil represen-
tation ω = ωψ. For ϕ ∈ S(V (A)), one has the usual theta function
(A.5) ϑ(g, h;ϕ) :=
∑
v∈V (Q)
(ω(g, h)ϕ)(v), g ∈ G′A, h ∈ H(A).
It is left invariant under G′Q and trivially left invariant under H(Q). For z ∈ D, we
consider the positive definite quadratic form ( , )z on V (R) defined by
(v, v)z := (vz⊥, vz⊥)− (vz, vz) , v ∈ V (R).
It is easy to see that the Gaussian ϕ∞(v, z) := exp (−π(v, v)z) belong to S(V (R)), and
ϕ∞(hv, hz) = ϕ∞(v, z) for all h ∈ H(R). Moreover it has weight n/2 − 1 under the
action of K ′∞ ⊂ G′R. If ϕf ∈ S(V (Af )), one obtains a theta function on G′A ×H(A)
by putting
(A.6) θ (g, h;ϕf) := ϑ (g, h;ϕ∞ (·, z0)⊗ ϕf(·))
where z0 ∈ D as a fixed base point. This theta function can be written as a theta
function on H×D×H(Af) in the usual way. For z ∈ D we choose hz ∈ H(R) such
that hz · z0 = z. Then w (hz)ϕ∞ (·, z0) = ϕ∞(·, z). For τ = x+ iy ∈ H, we put
gτ :=
(
1 x
0 1
)(
y
1
2 0
0 y−
1
2
)(
y
1
2 xy−
1
2
0 y−
1
2
)
and g′τ = (gτ , 1) ∈ G′R. So g′τ · i = τ . We define
θ (τ, z, hf ;ϕf) : = y
−n
4
+ 1
2ϑ (g′τ , (hz, hf ) ;ϕ∞ (·, z0)⊗ ϕf(·)) .
= y−
n
4
+ 1
2
∑
v∈V (Q)
ω (g′τ ) (ϕ∞(·, z)⊗ ω (hf)ϕf) (v)
= y
∑
v∈V (Q)
e2πi(Q(vz⊥)τ+Q(vz)τ) ⊗ ϕf
(
h−1f v
)
,(A.7)
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where τ ∈ H, z ∈ D and hf ∈ H (Af). If γ′ = (γ, φ) ∈ Γ′ and γ0 = γ′γ′′ as in (A.4),
we have, according to [44, Lemma 1.1],
(A.8) θ (γ · τ, z, hf ;ϕf) = φ(τ)n−2 θ
(
τ, z, hf ;wf (γ
′′)
−1
ϕf
)
Let L, L′, SL, φµ, D(L) := L
′/L, ϕL · · ·hL as in section 6. We define a SL-valued theta
function by
(A.9) θL (τ, z, hf ) :=
∑
µ∈D(L)
θ (τ, z, hf ;ϕµ)ϕµ, τ ∈ H, z ∈ D, hf ∈ H (Af) .
Let γ′ ∈ Γ with γ0 = γ′γ′′ as in (A.4). We put
(A.10) ϕL (γ
′) := ωf (γ
′′) .
Then ϕL is the Weil representation of Γ on SL defined by the formulas (6.1) and (6.2)
in Section 6. According to (A.8) and (A.9), we obtain
(A.11) θL (γ · τ, z, hf ) = φ(τ)n−2ϕL (γ′) θL (τ, z, hf ) .
Assume n is even. For a ∈ Gm and b ∈ Ga, we put
m(a) :=
[
a, 0, 0, a−1
]
and n(b) = [1, b, 0, 1].
Let
M := {m(a) | a ∈ Gm} and N := {n(b) | b ∈ Ga} .
Let P =MN be the parabolic subgroup of G. Let χv denote the quadratic character
of A×/Q× associated to V defined by
χv(a) =
(
a, (−1)dimV/2 det(V ))
A
where det(V ) denotes the Gram determinant of V and (·, ·)A is the Hilbert symbol
on A. For s ∈ C, we let I (s, χv) be the principal series of G(A) induced by χv · | · |s.
It consists of all smooth functions Φ(g, s) on G(A) satisfying
Φ(n(b)m(a)g, s) = χv(a) |a|s+1Φ(g, s)
for all b ∈ A and a ∈ A×. There is a G(A)-intertwining operator
λ : S(V (A)) −→ I (s0, χv) , λ(ϕ)(g) := (ω(g)ϕ)(0),
where s0 =
1
2
dimV − 1. A section Φ(s) ∈ I (s, χv) is called standard if its re-
striction to K∞K is independent of s. Using the Iwasawa decomposition G(A) =
N(A)M(A)K∞K, we see that the function λ(ϕ) ∈ I (s0, χv) has a unique extension
to a standard section λ(ϕ, s) ∈ I (s, χv) such that λ(ϕ, s0) = λ(ϕ).
For any standard section Φ(g, s), the Eisenstein series
(A.12) E(g, s; Φ) :=
∑
γ∈P (Q)\G(Q)
Φ(γg, s)
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converges for Re(s) > 1, and defines an automorphic form on G(A). It has a mero-
morphic continuation to the whole complex plane and satisfies a functional equation
relating E(g, s; Φ) and E(g,−s;M(s)Φ).
Theorem A.1 [The Siegel-Weil formula] Let V be a rational quadratic space of
siguature (n, 2). Assume V is anisotropic or that dimV − r0 > 2, where r0 is the
Witt index of V . Then E(g, s;λ(ϕ)) is holomorphic at s0 and
(A.13)
α
2
∫
SO(V )(R)\SO(V )(A)
ϑ(g, h;ϕ)dh = E (g, s0;λ(ϕ)) ,
where dh is the Tamagawa measure on SO(V )(A), and α = 2 if n = 0, and α = 1 if
n > 0.
Proof. The proof can be found in [44, Theorem 4.1]. 
For the present being, we consider the special case where (V,Q) is a definite space
over Q of signature (0, 2). Then (V,Q) is isomorphic to (k,−cN(·)) for an imaginary
quadratic field k with the negative of the norm scaled by a constant c ∈ Q+. Then
H(Q) ∼= k× and SO(V ) is the group of norm 1 elements in k. The homomorphism
H → SO(V ) is given by h 7−→ hh−1, and SO(V ) acts on k by multiplication. The
Grassmannian D consists of z+v and z
−
v given by V (R) with positive and negative
orientation respectively. For ℓ ∈ Z, we define a SL-valued Eisenstein series of weight
ℓ by
(A.14) EL(τ, s; ℓ) := y
− ℓ
2
∑
µ∈D(L)
E
(
gτ , s; Φ
ℓ
∞ ⊗ λf (φµ)
)
φµ.
We normalize the measure on SO(V )(R)(resp.SO(V )(Af)) so that vol(SO(V )(R)) =
1 (resp. vol(SO(V )(Q)\SO(V )(Af )) = 2). Then according to Theorem A.1, we
obtain the Siegel-Weil formula
(A.15)
∫
SO(V )(Q)\SO(V )(Af )
ϑL(τ, z
±; hf)dhf = EL(τ, 0;−1).
If Lk (resp.Rk) is the Maass lowering (resp. raising) operator (cf. (6.7) and (6.8) in
section 6), we see easily that
LℓEL(τ, s; ℓ) =
1
2
(s+ 1− ℓ)EL(τ, s; ℓ− 2)
and
RℓEL(τ, s; ℓ) =
1
2
(s+ 1 + ℓ)EL(τ, s; ℓ+ 2).
Thus we have
(A.16) L1EL(τ, s; 1) =
s
2
EL(τ, s;−1).
We see that EL(τ, 0; 1) = 0 because EL(τ, s;−1) is holomorphic at s = 0. And
EL(τ, s; 1) is an incoherent Eisenstein series and hence satisfies an odd functional
equation under s 7→ 1− s. From (A.16), We see that
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(A.17) L1E
′
L(τ, 0; 1) =
1
2
EL(τ, 0;−1),
where E ′L(τ, s; 1) denotes the derivative of EL(τ, s; 1) with respect to s.
As in [17, 65], we write the Fourier expansion of EL(τ, s; 1) in the form
(A.18) EL(τ, s; 1) =
∑
µ∈D(L)
∑
m∈Q
Aµ(s,m, y) q
m φµ,
where τ = x + iy ∈ H, and q = e2πiτ . We note that Aµ(s,m, y) = 0 unless m ∈
Q(µ) + Z.
Since EL(τ, 0; 1) = 0, the coefficients have a Laurent expansion of the form
(A.19) Aµ(s,m, y) = bµ (m, y) s+O
(
s2
)
at s = 0, and we have
(A.20) E ′L(τ, 0; 1) =
∑
µ∈D(L)
∑
m∈Q
bµ (m, y) q
mφµ.
We define
(A.21) κ(m,µ) :=
{
lim
y→∞
bµ(m, y) , if m 6= 0 or µ 6= 0,
lim
y→∞
b0(0, y)− log y , if m = 0 and µ = 0.
According to [65, Proposition 2.19 and Lemma 2.20], the limits exist. If m > 0, then
bµ(m, y) is independent of y and equal to κ(m,µ). We also κ(m, y) = 0 for m < 0 or
m = 0, µ = 0. Now we define a holomorphic SL-valued function on H by
(A.22) EL(τ) :=
∑
µ∈D(L)
∑
m∈Q
κ(m, y) qm φµ.
Remark. E ′L(τ, 0; 1) is a harmonic weak Maass form of weight 1 and
ξ1(E
′
L(τ, 0; 1)) = y
−1EL(τ, 0; 1).
We note that EL(τ) is the holomorphic part of E
′
L(τ, 0; 1).
Now we consider the lattice (L,Q) =
(
a,− N
N(a)
)
, where a is a fractional ideal of an
imaginary quadratic field k = Q(
√
D) with fundamental discriminent D ≡ 1(mod 4).
Let Ok be the ring of integers in k, and let ∂ be the different of k. In this case,
V = k, L′ = ∂−1a and
D(L) := L′/L = ∂−1a/a ∼= ∂−1/Ok ∼= Z/DZ.
Let χD be the quadratic Dirichlet character associated to k/Q. We set
(A.23) Λ (s, χD) = |D|
s
2 ΓR(s+ 1)L (s, χD) , ΓR(s) := π
− s
2 Γ
(s
2
)
.
and
(A.24) E∗L(τ, s) := Λ(s+ 1, χD)EL(τ, s; 1).
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Bruimier and Yang [17] proved thatE∗L(τ,−s) = −E∗L(τ, s).We observe that Λ(s, χD) =
Λ(1− s, χD) and
(A.25) Λ(1, χD) =
√
D
π
L(1, χD) = 2 · hk
ωk
,
where hk is the class number of k and ωk is the number of roots of unity in k.
Finally we go back to the quadratic space (V,Q) over Q of signature (n, 2). Let L
be an even lattice and U ⊂ V a negative definite two dimentional Q-space of V . We
put
N = L ∩ U and S = L ∩ V+ (cf. (6.19)).
For any F ∈ S1+n
2
,ρL, we define an L-function L(F, U, s) by means of the convolution
integral
L(F, U, s) : = (θS(τ)⊗ EN(τ, s; 1), F (τ))Pet(A.26)
=
∫
F
〈θS(τ)⊗ EN(τ, s; 1), F (τ)〉 y1+n2 dµ(τ),
where F =
{
τ ∈ H ∣∣ |Re(τ)| ≤ 1
2
, |τ | ≥ 1} and dµ(τ) = y−2dxdy.
Appendix B. The Andre´-Oort Conjecture
In this section we review recent progress on the Andre´-Oort conjecture quite briefly.
Definition B.1. Let (G,X) be a Shimura datum and let K be a compact open
subgroup of G(Af ). We let
ShK(G,X) := G(Q)\X ×G(Af)/K
be the Shimura variety associated to (G,X). An algebraic subvariety Z of the Shimura
variety ShK(G,X) is said to be weakly special if there exist a Shimura sub-datum
(H,XH) of (G,X), and a decomposition
(Had, XadH ) = (H1, X1)× (H2, X2)
and y2 ∈ X2 such that Z is the image of X1 × {y2} in ShK(G,X). Here (Had, XadH )
denotes the adjoint Shimura datum associated to (G,X) and (Hi, Xi) (i = 1, 2) are
Shimura data. In this definition, a weakly special subvariety is said to be special if it
contains a special point and y2 is special.
Andre´ [1] and Oort [54] made conjectures analogous to the Manin-Mumford con-
jecture where the ambient variety is a Shimura variety (the latter partially motivated
by a conjecture of Coleman [26]). A combination of these has become known as the
Andre´-Oort conjecture (briefly the A-O conjecture). The Andre´-Oort
DERIVATIVES OF L-FUNCTIONS 43
A-O Conjecture. Let S be a Shimura variety and let Σ be a set of special points in S.
Then every irreducible component of the Zariski closure of Σ is a special subvariety.
Definition B.2. [58, 59] A pre-structure is a sequence Σ = (Σn : n ≥ 1) where each
Σn is a collection of subsets of R
n. A pre-structure Σ is called a structure over the
real field if, for all n,m ≥ 1 with m ≤ n, the following conditions are satisfied:
(1) Σn is a Boolean algebra (under the usual set-theoretic operations);
(2) Σn contains every semi-algebraic subset of R
n;
(3) if A ∈ Σm and B ∈ Σn, then A×B ∈ Σm+n;
(4) if n ≥ m and A ∈ Σn, then πn,m(A) ∈ Σm, where πn,m : Rn −→ Rm is a
coordinate
projection on the first m coordinates.
If Σ is a structure, and, in addition,
(5) the boundary of every set in Σ1 is finite,
then Σ is called an o-minimal structure over the real field.
If Σ is a structure and Z ⊂ Rn, then we say that Z is definable in Σ if Z ∈ Σn.
A function f : A −→ B is definable in a structure Σ if its graph is definable, in
which case the domain A of f and image f(A) are also definable by the definition. If
A, · · · , f, · · · are sets or functions, then we denote by RA,··· ,f,··· the smallest structure
containing A, · · · , f, · · · . By a definable family of sets we mean a definable subset
Z ⊂ Rn × Rm which we view as a family of fibres Zy ⊂ Rn as y varies over the
projection of Z onto Rm which is definable, along with all the fibres Zy. A family of
functions is said to be definable if the family of their graphs is. A definable set usually
means a definable set in some o-minimal structure over the real field.
Remark B.1. The notion of a o-minimal structure grew out of work van den Dries
[28, 29] on Tarski’s problem concerning the decidability of the real ordered field with
the exponential function, and was studied in the more general context of linearly or-
dered structures by Pillay and Steinhorn [63], to whom the term “o-minimal” (“order-
minimal”) is due.
In 2011 Pila gave a unconditional proof of the A-O conjecture for arbitrary products
of modular curves using the theory of o-minimality.
Theorem B.1. Let
X = Y1 × · · · × Yn × E1 × · · · ×Em ×Gℓm,
where n,m, ℓ ≥ 0, Yi = Γ(i)\H1(1 ≤ i ≤ n) are modular curves corresponding to
congruence subgroups Γ(i) of SL(2,Z) and Ej (1 ≤ j ≤ m) are elliptic curves defined
over Q and Gm is the multiplicative group. Suppose V is a subset of X. Then V
contains only a finite number of maximal special subvarieties.
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Proof. See Pila [58], Theorem 1.1. 
In 2013 Peterzil and Starchenko proved the following theorem using the theory of
o-minimality.
Theorem B.2. The restriction of the uniformizing map π : Hg −→ Ag to the
classical fundamental domain for the Siegel modular group Sp(2g,Z) is definable.
Proof. See Peterzil and Starchenko [56, 57]. 
In 2014 Pila and Tsimerman gave a conditional proof of the A-O conjecture for the
Siegel modular variety Ag.
Theorem B.3. If g ≤ 6, then the A-O conjecture holds for Ag. If g ≥ 7, the A-O
conjecture holds for Ag under the assumption of the Generalized Riemann Hypothesis
(GRH) for CM fields.
Proof. See Pila-Tsimerman [60, 61]. 
Quite recently using Galois-theoretic techniques and geometric properties of Hecke
correpondences, Klingler and Yafaev proved the A-O conjecture for a general Shimura
variety, and independently using Galois-theoretic and ergodic techniques Ullmo and
Yafaev proved the A-O conjecture for a general Shimura variety, under the assumption
of the GRH for CM fields or another suitable assumption. The explicit statement is
given as follows.
Theorem B.4. Let (G,X) be a Shimura datum and K a compact open subgroup
of G(Af). Let Σ be a set of special points in ShK(G,X). We make one of the two
following assumptions :
(1) Assume the GRH for CM fields.
(2) Assume that there exists a faithful representation G →֒ GLn such that with
respect to this representation, the Mumford-Tate group MT (s) lie in one GLn(Q)-
conjugacy class as s ranges through Σ. Then every irreducible component of Σ in
ShK(G,X) is a special subvariety.
Proof. See Klingler-Yafaev [38] and Ullmo-Yafaev [70]. 
Remark B.2. We refer to [59] for the theory of o-minimality and the A-O conjecture.
We also refer to [33] for the A-O conjecture for mixed Shimura varieties.
Now we give a sketch of Tsimerman’s proof of A-O conjecture for the Siegel modular
variety Ag (g ≥ 1).
Let E be a CM field with totally real field F . We set g = [F : Q] and let Φ be
a CM type of E. Define S(E,Φ) to be the set of all isomorphism classes of complex
abelian varieties of dimension g together with an embedding OE →֒ EndC(A) such
that the induced action of E on the tangent space T0(A(C)) ∼= Cg is given by Φ.
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Proposition B.1. For a primitive CM type Φ, there exist A1, A2 ∈ S(E,Φ) such
that
degℓ(A1, A2) ≥ |dE|1/4−og(1),
where degℓ(A1, A2) denotes the lowest degree among the degrees of all isogenies be-
tween A1 and A2.
Proof. The proof can be found in [69, Proposition 2.2]. 
Masser-Wu¨stholz Isogeny Theorem : Let A and B be two abelian varieties of
dimension g over a number field k, and suppose that there exists an isogeny between
them over C. Let N be the minimal degree of isogenies between them over C. Then
we have the following bound :
N ≪g (max(hFal(A), [k : Q]))cg ,
where cg is a positive constant depending only on g.
We refer to [50] for more detail.
In this setting, the averaged Colmez’s formula can be written as follows :
(ACF)
∑
Φ
hFal(E,Φ) =
∑
Φ
(∑
ρ
cρ,Φ
(
L′(0, ρ)
L(0, ρ)
+
log fρ
2
))
,
where Φ runs over all 2g CM types of E, ρ runs over irreducible complex represen-
tations of the Galois group of the normal closure Enc of E for which L(0, ρ) does
not vanish, cρ,Φ are rational numbers depending only on the finite combinatorial data
given by Φ and the Galois group of Enc, and fρ is the Artin conductor of ρ.
Using the above averaged Colmez’s formula (ACF) and the following bounds (B1),
(B2) and (B3) :
(B1) L(1, ρ¯) = |dE|og(1) ;
(B2) L′(1, ρ¯) ≤ |dE|og(1) ;
(B3) hFal(B) ≥ Og(1) for any abelian variety B of dimension g,
Tsimerman [69, Corollary 3.3] proved the following proposition :
Proposition B.2. Let E be a CM field with [E : Q] = 2g, Φ be a primitive CM type
and A ∈ S(E,Φ). Then we have the bound
hFal(A) ≤ |dE|og(1).
The bound (B1) follows from the classical Brauer-Siegel theorem (cf. [10]) the bound
(B2) from a standard sub-convexity estimate for L(s, ρ¯) (cf. [37]), and the statement
(B3) is due to the result of Bost (cf. [8]).
Combining Proposition B.1, Masser-Wu¨stholz Isogeny Theorem and Proposition
B.2, Tsimerman [69, Theorem 4.2] proved the following theorem.
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Theorem B.5. There exists a constant δg such that if E is a CM field of degree
2g, Φ is a primitive CM type of E, and A ∈ S(E,Φ), the the field of moduli Q(A) of
A satisfies
[Q(A) : Q]≫ |dE|δg .
For x ∈ Ag(Q), let Ax denote the corresponding ppav of dimension g, let Rx be the
center of the endomorphism algebra EndQ(Ax), and Disc(Rx) the discriminant of Rx.
Finally, using Theorem B.5 together with some properties, Tsimerman [69, Theorem
5.2] proved Edixhoven’s conjecture [30].
Theorem B.6 (Edixhoven’s conjecture). Let g ≥ 1. Then there exists a constant
bg > 1 depending only on g such that, for a special point x ∈ Ag(Q),
|Disc(Rx)| ≪g |Gal(Q/Q) · x|bg
with the implied constants depending on g.
Proof. The detailed proof can be found in [69, Theorem 5.2]. 
The fact that Theorem B.6 implies the A-O conjecture for the Siegel modular
varieties Ag (g ≥ 1) was proved by Pila and Tsimerman [61, Theorem 7.1]. This proof
is based on the theory of o-minimality, point-counting and the works of Bombieri,
Zannier, Wilkie et al.
Appendix C. The Gross-Kohnen-Zagier theorem in higher
dimension
We let Γ be a subgroup of Mp2(R) commensurable with Mp2(Z), and let ρ be a
finite dimensional representation of Γ on a complex vector space Vρ which factors
through a finite quotient of Γ such that ρ = σk on Γ ∩ K. Choose k ∈ 12Z. We
denote by ModForm(Γ, k, ρ) the space of modular forms of weight k and ρ for Γ which
are meromorphic at cusps and by HolModForm(Γ, k, ρ) the space of modular forms of
weight k and ρ for Γ which are holomorphic at all cusps.
Let κ be a cusp of Γ and let qκ be a uniformizing parameter at κ in Γ\H. let
(ρ∗, V ∗ρ ) be the dual representation of (ρ, Vρ). Let
PowSerκ(Γ, ρ) = C[[qκ]]⊗ Vρ and Laurκ(Γ, ρ) = C[[qκ]][q−1κ ]⊗ Vρ
be the space of formal power series in qκ with coefficients in Vρ and the space of formal
Laurent series in qκ with coefficients in Vρ respectively. Let
Singκ(Γ, ρ) =
Laurκ(Γ, ρ)
qκPowSerκ(Γ, ρ)
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be the space of possible singularities and constant terms of Vρ-valued Laurent series
at κ. The two spaces PowSerκ(Γ, ρ
∗) and Singκ(Γ, ρ) are paired into C by taking the
residue
〈f, φ〉 = res(fφ q−1κ dqκ), f ∈ PowSerκ(Γ, ρ∗), φ ∈ Singκ(Γ, ρ),
where the product of f and φ is defined using the pairing of Vρ and V
∗
ρ . The space
Sing(Γ, ρ) =
⊕
κ: cusp
Singκ(Γ, ρ)
and
PowSer(Γ, ρ∗) =
⊕
κ: cusp
PowSerκ(Γ, ρ
∗)
are paired by the sum of the local pairings at the cusps. Then we have the canonical
maps
λk : HolModForm(Γ, k, ρ) −→ PowSerκ(Γ, ρ)
and
λ∗k : HolModForm(Γ, k, ρ
∗) −→ PowSerκ(Γ, ρ∗).
We also have the natural map
µ2−k : ModForm(Γ, 2− k, ρ) −→ Sing(Γ, ρ)
defined by taking the Fourier expansions of their nonpositive part at the various cusps.
We define the space Obstruct(Γ, k, ρ) of obstructions to finding a modular form of
weight k and type ρ which is holomorphic on H and has meromorphic singularities
and constant terms at the cusps to be the space
Obstruct(Γ, k, ρ) =
Singκ(Γ, ρ)
µk (ModForm(Γ, k, ρ))
Borcherds [7] proved the following duality that is called the Serre duality.
Theorem C.1. Suppose that k ∈ 1
2
Z, Γ is a subgroup of Mp2(R) commensurable
with Mp2(Z), and let ρ be a finite dimensional representation of Γ on a complex vector
space Vρ which factors through a finite quotient of Γ such that ρ = σk on Γ∩K. Then
(a) dimCObstruct(Γ, 2− k, ρ) <∞.
(b) Obstruct(Γ, 2− k, ρ) is dual to HolModForm(Γ, k, ρ). The pairing between them is
induced by the above pairing between Sing(Γ, ρ) and PowSer(Γ, ρ∗). In other words,
µ2−k (ModForm(Γ, 2− k, ρ)) =
(
λ∗k
(
HolModForm(Γ, k, ρ∗)
))⊥
equivalently,
λ∗k
(
HolModForm(Γ, k, ρ∗)
)
=
(
µ2−k (ModForm(Γ, 2− k, ρ))
)⊥
.
Proof. The proof can be found in [7, p. 224]. 
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Let M be an even lattice of signature (2, ℓ). Suppose that Γ is a discrete group
acting on Gr(M). We define a divisor on XΓ := Γ\Gr(M) to be a locally finite Γ-
invariant divisor on Gr(M) whose support is a locally finite union of a finite number
of Γ-orbits of irreducible subvarieties of Gr(M) of codimension one. For any negative
norm v ∈M ⊗ R, we let
v⊥ = {x ∈ Gr(M) | x ⊥ v }
be the divisor of Gr(M). For any rational number n ∈ Q and γ ∈ M ′/M , we define
the Heegner divisor yn,γ of Gr(M) by
(C.1) yn,γ :=
∑
v∈M+γ
(v,v)=2n
v⊥.
Since v ∈M + γ implies −v ∈M − γ, we see that yn,γ = yn,−γ. We define the group
(C.2) Heeg(XΓ) = Z y0,0
⊕ ∑
γ∈M ′/M
∑
n∈Q
Z yn,γ,
where y0,0 is a symbol and yn,γ is the Heegner divisor of Gr(M) defined by (C.1) such
that yn,γ = 0 if n > 0, and yn,γ = 0 if n = 0 and γ = 0. We say that a Heegner
divisor D is principal if it is of the form D = c0,0 y0,0 +D0, where D is the divisor of
a meromorphic automorphic form of weight c0,0/2 for some integer c0,0 ∈ Z and some
unitary character of finite order of the subgroup of Aut(M) fixing all the elements of
M ′/M . We denote by PrinHeeg(XΓ) the subgroup of principal Heegner divisors and
define the group HeegCl(XΓ) of Heegner divisor classes by
(C.3) HeegCl(XΓ) :=
Heeg(XΓ)
PrinHeeg(XΓ)
.
We define the linear map
(C.4) ξM : Sing(Mp2(Z), ρM ) −→ HeegCl(XΓ)⊗ZC
by
ξM
(∑
n,γ
cn,γ q
n eγ
)
=
∑
n,γ
cn,γ yn,γ.
Obviously ξM is surjective. For s subring F of C, we let Sing(Mp2(Z), ρM)F be the
F -submodule of Sing(Mp2(Z), ρM) for which the coefficients of q
n eγ for n ≤ 0 are in
F , and let
ModForm
(
Mp2(Z), 1− ℓ/2, ρM
)
Z
⊂ ModForm(Mp2(Z), 1− ℓ/2, ρM)
be the Z-submodule whose image under µ1−ℓ/2 lies in Sing(Mp2(Z), ρM )Z.
Theorem C.2 (Borcherds [7]). Suppose M is an even lattice of signature (2, ℓ). Let
f be a nearly holomorphic modular form on H of weight 1 − ℓ/2 and type ρM whose
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coefficients cn,γ are integers for n ≤ 0. Then the Heegner divisor
∑
n,γ cn,γ yn,γ is
principal, in other words,
ξM
(
µ1−ℓ/2
(
ModForm
(
Mp2(Z), 1− ℓ/2, ρM
))) ⊂ PrinHeeg(XΓ).
Proof. The proof can be found in [7, Theorem 4.1, pp. 225–226]. 
Lemma C.1. There is a number field F of finite degree over Q such that the space
HolModForm
(
Mp2(Z), 1 + ℓ/2, ρ
∗
M
)
has a basis {f1, · · · , fd} whose Fourier coefficients all lie in F , i.e., such that
λ∗1+ℓ/2(fi) ∈ PowSer
(
Mp2(Z), ρ
∗
M
)
F
for all i = 1, 2, · · · , d.
Lemma C.2. Let
Gal(Q/Q) · λ∗1+ℓ/2
(
HolModForm
(
Mp2(Z), 1 + ℓ/2, ρ
∗
M
))
be the space of Gal(Q/Q)-conjugates of the q-expansions of elements of
HolModForm
(
Mp2(Z), 1 + ℓ/2, ρ
∗
M
)
.
Then
µ1−ℓ/2
(
ModForm
(
Mp2(Z), 1− ℓ/2, ρ∗M
)
Z
)⊗ C ⊂ Sing(Mp2(Z), ρM)
=
(
Gal(Q/Q) · λ∗1+ℓ/2
(
HolModForm
(
Mp2(Z), 1 + ℓ/2, ρ
∗
M
)))⊥
.
Moreover this space has finite index in Sing(Mp2(Z), ρM ).
Proof. Using Theorem C.1 and Lemma C.1, we can prove Lemma C.2. We refer to
[7, Lemma 4.3, pp. 226–227] for detail. 
Finally Borcherds [7, Theorem 4.5] proves a generalization of the Gross-Kohnen-
Zagier theorem to higher dimension.
Theorem C.3. The series
(C.5)
∑
n∈Q
∑
γ∈M ′/M
y−n,γ q
n eγ
lies in the space
(HeegCl(XΓ)⊗ C)⊗C
(
Gal(Q/Q) · λ∗1+ℓ/2
(
HolModForm
(
Mp2(Z), 1 + ℓ/2, ρ
∗
M
)))
,
that is, the series (C.5) is a modular form of weight 1 + ℓ/2 and type ρM .
Proof. From the fact that the complex vector space HeegCl(XΓ)⊗C generated by the
Heegner divisor classes is finite dimensional, we see that∑
n∈Q
∑
γ∈M ′/M
y−n,γ q
n eγ ∈ (HeegCl(XΓ)⊗ C)⊗C PowSer
(
Mp2(Z), ρ
∗
M
)
.
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By Theorem C.2, the pairing∑
n,γ
cn,γ yn,γ = ξM
(
µ1−ℓ/2
(∑
n,γ
qn eγ
))
is zero. Hence the above theorem follows from Lemma C.2. 
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